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ABSTRACT. We present the complete classification of the tame irreducible el-
liptic quasi-simple Lie algebras of type A,, and in particular, specialize on
the case where the coordinates are not associative. Here the coordinates are
Cayley-Dickson algebras over Laurent polynomial rings in v > 3 variables,
which we call alternative tori. In giving our classification we need to present
much information on these alternative tori and the Lie algebras coordinatized
by them.

INTRODUCTION

This paper is a follow-up to the work presented in [BGK] where a classi-
fication and realizations of certain simply-laced quasi-simple Lie algebras was
carried out. In this paper we deal with the case where the core, .2, of the
quasi-simple Lie algebra . over the complex field C, is an A4,-graded Lie
algebra. It is then the case that the core of .2 can be coordinatized by an al-
ternative algebra with identity over C. In the case when the alternative algebra
is actually associative then it must be one of the quantum tori, C,, studied in
[BGK], and the algebras in question have the same structure and classification
as those studied in [BGK], and, in fact, all of this follows as in that paper.
There remains the intriguing possibility that the coordinates may be alternative
but not associative, and then the question arises what these coordinate algebras
may be, and what the structure of the attached quasi-simple Lie algebras is.
This paper explicitly answers all of these questions by giving a classification
and realizations of such algebras.

To be more specific recall that the concept of a quasi-simple Lie algebra was
introduced in [H-KT] and, roughly speaking, this is a Lie algebra . over the
complex field having an invariant, non-degenerate symmetric bilinear form

,):ZxZ-C,
and a finite dimensional Cartan subalgebra # C .# so that the algebra has a
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root space decomposition
#-D.

a€ER
where %, is defined in the usual way and %) = # . Here R is the root system
and is to be discrete. One transfers the form to the dual space of # in the
usual way and assumes that

ad_e x is nilpotent for x € .%, when (a, a) # 0,

and that the form takes real values on the real span of the roots. .# is said to
be elliptic if the form is positive semi-definite on the real span of the roots. One
attaches a finite root system, A (possibly non-reduced), to an elliptic . and
says & is irreducible if A is irreducible and there are no isolated isotropic
roots. One says that .% is of type X; if A is the root system of type X;.
When X, is simply-laced of rank / > 2, so of the type 4;,,/>2, D;,[ > 4,
or E¢, E;, Eg, then the root system, R, of . is realized as R = A x A,
where A = Z¥ is a lattice of rank v . One says that v is the nullity of &
and it turns out for these simply-laced % that v is an invariant of % since
v =dim(Z/[&Z, Z])).

In [BGK] the simply-laced cases where / > 3 were dealt with. The method of
attack is to define the core, ., of & to be the subalgebra of . generated by
the non-isotropic root spaces. It turns out that the core is an ideal of . so that
one has the representation p : . — End.%., induced by restricting the adjoint
representation of £ to .4 . The core is always a A-graded Lie algebra as
defined in [BM] so in the simply-laced cases we use the coordinatization results
there to give realizations of the core up to central extension. Already from
these results it is apparent that only in the case where A is of type 4, can one
possibly have alternative, but not associative, coordinates. After realizing the
core up to central extension one goes on to assume .# is tame in the sense
that kerp = Z (%), the center of the core. Then, using this and the known
structure of the core one finds the algebra .#° roughly looks like a semi-direct
product of .%. with an algebra of skew-symmetric outer derivations. Here
“roughly” means there is a possible twisting by a 2-cocycle which is invariant
and homogeneous in the sense of Definition 2.66. It is exactly this program
that we carry out here for type A, tame, irreducible, elliptic quasi-simple Lie
algebras with coordinates which are not associative. For simplicity we call such
an algebra a QS algebra of type 4,.

If . is a QS algebra with core .% then the coordinate algebra, S, of
% must be an alternative algebra with identity 1 € S over C having a Z*-
gradation

S=EPS., where S;=C-1,
aczy
and satisfying the rather strong properties that
SaSb = Sa+b , and
dimc S, =1, foralla,be Z".
The quantum tori, C,, are easily seen to be the only associative algebras with

these properties (see (1.3) and Lemma 1.8). Moreover, if v < 3 these are
the only such algebras while there is one and only one such algebra S which
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is not associative for each v > 3. We call these alternative tori and denote
them by 2. Once v > 3 is fixed, A arises by three applications of the usual
Cayley-Dickson process beginning with the commutative ring of Laurent poly-
nomials C[¢{f', ..., t¥!'] in v variables. There are thus three choices of scalars,
1, U2, U3, involved here and we always take u; =t¢;, 1 <i < 3. Thus, 2 is
an octonion or Cayley-Dickson algebra over the Laurent polynomial ring in v
variables.

In order to use 2 as coordinates of a QS algebra . we need to understand
some of its structural properties quite well. In particular, we need a full un-
derstanding of the derivation algebra Derc(). The Lie algebra ps/3() can
be most easily described as the quotient of the Steinberg Lie algebra st3(2A)
with coordinates 2 by its center. If & is a QS algebra with coordinates the
alternative torus 2 then there are surjective homomorphisms

sty() 2 Z s psiy(2A)

with central kernels. In order to determine the structure of . from that of
% it becomes important to understand the Schur multiplier H,(psl3(2), C) =
ker(¢ o ¢). It turns out that this just depends on 2, and in the associative
cases one knows, by the results in [KL], that this is just the Connes first cyclic
homology of 2. We generalize all of this to the alternative case, and so define an
analogue of this Connes first cyclic homology group for any alternative algebra
and then go on to compute this in the case of the alternative torus. This is all we
need here. It would be interesting to define HC,(S) for an alternative algebra
S and then, just as HC,(C,q) is computed in the recent paper [W], to compute
HC,(%).

The contents of the paper are as follows. In Section 1 we work with an
alternative algebra and give our characterization of the alternative torus 2A. We
then go on to study the derivation algebra of 2 and the Connes first cyclic
homology of 2. For all of this we work over general fields k of characteristic
not 2 or 3. The main results are Theorems 1.25, 1.40 and 1.64. In Section 2
we begin by showing how to obtain Lie algebras with coordinates an alternative
algebra S, and we obtain such Lie algebras starting with any subspace E of
HC(S). We also show that HC;(S) is the Schur multiplier of ps/3(S) by
making use of the Steinberg Lie algebra st3(S). We then study the spaces
of invariant symmetric forms on these algebras and their derivation algebras,
paying particular attention to the skew-symmetric derivations. The arguments
about derivations resemble those in [BGK] and so we are brief here, referring
the reader, for the most part, to that paper. Section 2 closes with a careful
description of a class of Lie algebras, L(2, 1), which turn out to be all of the QS
algebras with coordinates 2. In particular, we show all such algebras have non-
degenerate invariant symmetric bilinear forms. As in Section 1 we only need
a base field k of characteristic not 2 or 3. In the third and final section we
present our classification of the QS algebras of type 4, having nonassociative
coordinates. The arguments here are nearly identical with those in [BGK] and
hence we are brief in our presentation. However, for the benefit of the reader,
we have included the basic definitions and statements of the main theorems on
the QS algebras from [H-KT] and [BGK] which we need, as well as the details
necessary for our main theorem.

We feel that it is already clear that one can expect a complete classification
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of QS algebras of all types, even those of non-reduced type. Moreover, as QS
algebras are very natural generalizations of both the finite dimensional simple
Lie algebras and the affine Kac-Moody algebras (but include no other Kac-
Moody algebras) one can hope for applications of this interesting class of Lie
algebras. The works [BZ] and [N] present general coordinatization results in the
non-simply-laced cases, generalizing those in [BM], and this is clearly the right
starting point for classifying QS algebras. However, some of the coordinate
algebras which arise seem quite complicated, and no doubt a classification of
those with the necessary properties to be coordinates of QS algebras would be
interesting in itself.

1. THE ALTERNATIVE TORUS

In this section we want to characterize the one alternative algebra over C
which is not associative and which turns out to be the coordinates of some
tame elliptic irreducible quasi-simple Lie algebras of type A4,. Although our
main interest is in working over C we work over any field k& of characteristic
not 2 at the outset since the restriction to C would not essentially shorten the
presentation. We let Ap,; (or Ap,(k) if reference to k is necessary) be the
ring of Laurent polynomials in the commuting variables ¢;, t,, ..., t, over k
so that

A[,,] = k[titl ey t,:,H].

A variation of this leads to the so-called quantum torus, kg, associated to a
v x v matrix q = (¢;,j)i<i,j<» Of non-zero elements in k satisfying

(1.1) gii=1, and qi,j=qj*,‘,., for 1<i,j<vw.
To define k, one consideres the associative algebra Aj,; of Laurent polynomials
in the non-commuting variables ¢;, ..., t, over k and the 2-sided ideal
(1.2) Iy =(titj —qi,jt;t:|]1 < i, j<v).
Then we define kg by
— /f[,,]
(1.3) kq = 7

kq is called the quantum torus associated to q (see [M]). Notice that Ay, is
just k;, where 1, isthe v x v matrix all of whose entries are 1.

Let Z* be the free abelian group of rank v. Then clearly Aj; has a Z
gradation where ¢; is of degree ¢, = (0,...,0,1,0,...,0). Obviously ¢;
is the vector with 1 in the /™™ place and zeros elsewhere. Moreover, Iy is
homogeneous in this grading so that kg is Z” graded. Writing 4 = k; we have

(1.4) 4= 4.,

a€ZY
with the following properties for a, § € Z¥ and 1 the identity of A4:

(15) AaAﬂ 2A0+ﬂ3

(1.6) dim 4, = 1,
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It then follows that
(1.7) Ag=k- 1.

We let t* = ¢}' -t for a = (ai,...,a,) € Z’ and have 4, = k - t* for
all @ € Z", so that A has a basis consisting of monomials t*,a € Z*. It
is clear that in such an algebra the monomials are units so that any non-zero
homogeneous ideal is the whole algebra. Any such algebra is homogeneously
simple, that is, has no non-trivial graded ideals. That the above properties
characterize the associative algebras kq is easy to see.

Lemma 1.8. Let A be any 7" graded associative algebra satisfying the above
conditions (1.4), (1.5), (1.6), and (1.7). Then there is a v x v matrix of non-
zero elements of k, q = (qi j)i<i, j<v, Satisfying q;i=1,¢q;; = q;',., 1<
i, j<v suchthat A is graded isomorphic to ky. Moreover, A is commutative
ifand only if q=1,.

Proof. Clearly there is a surjective graded homomorphism ¢ : 4, — A with
¢(1) = 1 which is of degree 0. Now ¢(¢;tj) = gq;, ;¢(¢;t;) for some g; ; € k
since dimAe e, = 1. Clearly ¢; ; = 1 and ¢; ; # 0 because the monomials
in A],,l are units and ¢ is non-zero on units. Then 0 # ¢(t;t;) = g; ;p(tjt;) =
qi,jq;,i$(t;itj) implies that g; jq; ; =1 so that I is contained in the kernel of
¢. But kg is graded simple so that I, = ker(¢), as desired. O

We are interested in alternative algebras over k£ which satisfy (1.4), (1.5),
(1.6), (1.7). We first construct some algebras satisfying these properties and
then go on to show that our construction yields all such algebras. For this we
let v > 3 be fixed and consider

(1.9) K = Ap) = ki, =k[F', ..., '],

but this time with the grading by the abelian group I' = 2Z¢, & 2Ze¢, @ 2Ze; ©
Zey ® - - - ® Ze, , where there are v — 3 terms equal to Z and where

{26,' if 1<i<3,

(1.10) deg(t;) = € if 4<i<v.

For any choice of non-zero scalars s, 52,53 € k let A = A(K, s1t1, $2t2, S3t3)
be the Cayley-Dickson algebra over the commutative ring K, which we con-
sider as an algebra over k. We will see that A has a Z” gradation where
(1.4), (1.5), (1.6), (1.7) hold.

We briefly recall this construction here. Towards this end let B be any K-
algebra with an identity 1 and with a K-linear involution x — X so that
(1.11) {xy VX and,

X=x for all x,y,€B.

Then @ =a forall a € K-1. We assume that

(1.12) xX=xx€K-1 for xeB.
Then
(1.13) x+xeK-1CB

follows.
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Notice that if we define ¢ and n by x+X =¢(x)-1,and xX =Xx = n(x)-1
for x € B, then we have
(1.14) x2—t(x)x+n(x)-1=0 for x€B.
Then 1=1, ¢ is K linear, and n is quadratic: n(a-1)=a? for a€ K,
n(x,y):=n(x+y)-n(x)-ny)=xy+yx

is bilinear.

We now let B’ be the algebra described as follows. B’ = {(b;, b,)|b;, by €
B} with addition and scalar multiplication by K defined componentwise, and
multiplication given by

(1.15) (bi, c1)(ba, c2) = (biby + ucsTy, bica + bacy).
Here u is choosen to be any element in K. Then 1 = (1, 0) is the identity of
B’,and if j = (0, 1) then j2=pu-1 and so we have
(1.16) B'=B@&jB,
where we have identified B as a subalgebra of B’ by b« (b, 0).
Thus B’ = {b + jc|b, c € B} and multiplication is given by

(1.17) (bi + je1)(b2 + jea) = (biby + pcaty) + j(bica + bacy).
We define an extension of our involution on B by
(1.18) b+ jce=b-jc,

for all b, ¢ € B, and easily find that this is an involution on B’. Also, we let
t,n bedefined by x+X = t(x)-1=1t(b)-1, n(x) = xX(= Xx) = n(b) — un(c),
where x = b + jc, so that these maps also extend the corresponding ones on
B.

We let Ay = K and choose u; = s;t;, 1 < i <3, where s; is a non-zero
element of k. Let 4, = A)_,, for 1 <i< 3 sothat 43 is the Cayley-Dickson

1
algebra which we denoted before as A(K, s1¢;, 212, s3t3). Let

(1.19) Z:=20 - ®LO2L& &2 &2 3, fori=0,1,2,3.

D hdl
i-times (3—1i)-times

Note that Zo = I' so that 49 = K has the grading which is specified in (1.10),

while we also have that Z; = Z¥. We will show that each algebra A4; has a
grading by Z; which satisfies properties analogous to (1.4) through (1.7).

Lemma 1.20. With the notation as above we have the algebra A; has a grading
by Z; satisfying the following properties:

(1) 4= P i,
a€Z;

where

(2) (Ai)a(Ai)p = (Ai)atp >

(3) dim(4;), = 1,

(4) (Ai)o=k -1,
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Jor o, B € Z; and where 1 is the identity of A;. Moreover, the involution on
A; satisfies @ = ta forall a € (A;), and forall a € Z;.

Proof. We already know that 4, has a gradation by Z, satisfying the above
properties (1)-(4) where we let @ = a for all a € K = 4y . By induction on i,
if A;_; satisfies our requirements we simply let (4;), = (4i_1)o if @ € Z;_;;
while if a € Z;but a ¢ Z;_; welet (4;)q = j(Ai-1)a—e, - Then all properties
are clear except possibly (2). For this consider the case where o € Z;_;, B € Z;
but f ¢ Z;,_,. Let B = p —¢€ and let a, € (4)a, ap € (4i)p, and say
e; € (Ai")ﬁ satisfies Jjey = ag. Then by (1.17) we have a,ag = a.jey =
j(EaeB) € (Ai)a+ﬂ .

Next, consider the case where o, f € Z; but a + f ¢ Z;_;, and use
notation as above. We have by (1.17) that a,az = (jas)( Jjag) so by our choice
of scalars u; we get this equals Sitiagds = *sitiagds which is in (4;_1)a4p
since deg(t;) = 2¢; by (1.10). The rest of the proof is obvious. O

It is now clear that the algebra A3 = A(K, 511, Syt2, S3t3) satisfies the prop-
erties (1.4), (1.5), (1.6), (1.7) and that this is an alternative algebra over k
which is not associative. We will denote this by 2 or by A(K, s1¢1, 821, $3t3)
if we need to refer to the scalars involved.

Definition 1.21. The algebra 2 = A(K, 5111, $2t2, $3t3) is called the alternative
torus associated to the given scalars.

Remark 1.22. We recall here some basic facts on alternative and, in particular,
octonion algebras. Let O be an octonion algebra over a ring R without 2-
torsion. For a, b, c € @ we put

[a,bl=ab—-ba, (a,b,c)=(ab)c—a(bc).
Since O is alternative, the nucleus .#'(0Q) of O is given by
NO)={xe€0:(x,0,0)=(0)},
while the center is
Z(0)={ze N@O):[z, 0] =(0)}.
Hence R-1C .Z(0) C N(0). An easy calculation shows N(Q) C R- 1, thus
R-1=2Z(0)= N(0).

We also put O’ = {x € O: #(x) = 0} where ¢ is the trace map, and denote by
[0, Q] (resp. (0, 0, 0)) the span of all commutators (resp. associators) in
O. Then another calculation shows

0' =[0, 0] = (0, 0, 0).
In particular, for a, b, c € O we have
t(ab) = t(ba), t((a, b, c))=0.

We now want to go towards our characterization of the alternative torus 2.
For this we need several lemmas.
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Lemma 1.23. Let A be any alternative algebra over k satisfying (1.4)-(1.7).
Then

(i) A is a domain in the sense that if a, b € A and ab = 0 then either a =0
or b=0.

(ii) A is prime in the sense that if I, J are ideals of A and IJ = (0), then
either I = (0) or J =(0).

(iii) The center, Z (A), of A is graded. In fact there is a subgroup T+ of Z"

such that
Z(4) = P 4.
a€ls

Proof. (i) is clear since A is graded by Z” and (1.5) also holds. (ii) follows
immediately from (i). As for (iii) we see Z'(A4) is graded so that

Z(4) = P(Z(4)NAd),
a€ZY
and either Z(4)NA, = (0) or Z(4)NA, = A, because of (1.6). Moreover, by
(1.7) we have Ag=k-1C Z(A) and A,A_, = Ag=k -1 sothat 4, C Z(A)
if and only if 4_, C Z(A4). Thus, 'y = {a € Z"|4, C Z(A4)} is a subgroup
of Z¥. O

In the next lemma we consider a Cayley-Dickson algebra Q over a field k (we
always assume the characteristic of k is not 2 ). Thus, O = A(k, u;, U2, 43)
for some choice of non-zero scalars u;, u;, u3 € k. We have the norm and
trace maps n,t of O — k. We also have the bilinear form obtained from
the quadratic form n which we denote as n(-,:) : O x O — k defined by
n(x,y)=n(x+y)—n(x)—n(y) forall x,y 0.

Lemma 1.24. Let O be a Cayley-Dickson algebra over the field k with identity
element 1 0.

(i) If xeO and x ¢ k-1 then x?c€k-1et(x)=0&x=—x.

(i) Suppose O has a (Z/2Z)* grading in the sense that O = € ,¢(z/2z) Op

where 0,0, C Opyy, Og =k -1 for p, u € (Z/2Z)*. Then n(Q,, 0,) = (0)
ifp#np.
Proof. We know that x? — ¢(x)x +n(x)-1 =0 forall x € O so that #(x)=0
implies x2 = —n(x)-1 € k-1. Also, letting Q' be the kernel of ¢ we have O =
k-160' soif x = a-1+xo where a € k, xo € O’ , then x2? = (a®-14+x)+2ax,
where o?-1+x% € k-1 and 2axp € O'. Thus, x2 € k implies that #(x) = 0.
Also, for all y € O we have y+y =t(y)-1 sothat y+y =0« t(y) =0. This
proves (i).

As for (ii) note first that x = x for x e k-1 and if p #0, x € 0, we have
x ¢ k-1=0¢ but x2€ 0,=0¢=k-1 sothatby (i) x=-x. For x,y €0
we have that

n(x,y) =n(x+y)—n(x)—ny)=xy+yx,

for x,y€ 0. Let x€0,,y €0, with p#pu, p,pu€(Z/22)> If p=0
then X =x, y=—y so xy+yx =0 as desired. By symmetry in x and y we
may now assume 4 # 0, p#0. Then xy+yx = —(xy+yx). Now u+p#0
since otherwise s = —p = p, s0 xy ¢ k-1 = 0. But (xy)? € Oyuyp) =
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Qo = k-1 so by (i) we getXy = —xy s0 —xy = yX = (-y)(—x) = yx or
xy+yx =0, giving us n(x, y) =0 as desired. O

The following result is our main characterization of 2.

Theorem 1.25. Let A be any alternative algebra over k satisfying (1.4)-(1.7)
which is not associative. Then A is isomorphic to an alternative torus of the form

AK, sit1, S22, $313)

for some choice of non-zero scalars s;ie k,1<i<3.

Proof. Note that by Lemma 1.23 and Lemma 1.8 the center of 4, Z = Z'(4),
is isomorphic to
KITE', ..., TE

for some variables Ty, ..., T,,, since every subgroup I's of Z” is free of
rank m < v. Moreover, letting .Z* denote the non-zero elements of Z and
k the quotient field we have (29 \Z = k . Also, Lemma 1.23 shows that the
hypothesis of Slater’s Theorem holds for A4 (see [SSSZ], p. 194) so since A4 is
not associative it is a Cayley-Dickson ring. Thus letting 4 = (2*)~'4 we have
an embedding 4 — A where A is a Cayley-Dickson algebra over the field k .

We are going to show that Z”/T's = (Z/2Z)3, and to do this we introduce a
new gradation on A4 by the group ®=2"/T». Let a=a+ Ty € ® and let

Ay=Z(4), As=EPA., forallac®.
a€a

Thus 4 = @,cp Az and AsAg = Asips Z Ay = A; for all a € ®. Next
we introduce a ®-gradation on A4 by saying 4z = (Z*)~!4; so that 4y =
(Z*)"1Z =k. Clearly A, is a vector space over k generated by any non-zero
element a, € 4, for a € a so that A, is a 1-dimensional vector space over
k . This implies that the order of ®, o(®), equals 8 = dim; 4.

Next note that in the Cayley-Dickson algebra A we have that for all x € 4

x2 —t(x)x+n(x)-1=0,

where ¢ isa k-linear and n is a quadratic form on A over k. Evaluating this
for x € A5, a # 0, gives us

x24+n(x) 1 =t(x)x € Az N (A2 + Ap).

Now a # 0 implies 2a # @ so that x2+n(x)-1 = t(x)x = 0. This implies that
x2=—n(x)-1€ AyN Ays so we get that 2a = 0. It follows that ® = (Z/2Z)3.

Now there is a basis e;, ..., e, of Z” and non-negative integers d; > 1
with d;|d;—, for 2 < i < v such that Ty = d|Ze, ®--- ® d,Ze,. Since ® =
Z'|Ty = (Z/2Z)3 and since the elementary divisors d,, ..., d, are uniquely
determined by I's we find d,, d;, ds equal 2 and d; =1 for i > 4. Thus,
s> =T. We now have v > 3 and and we can choose 0 # t; € A, 1 <i< 3,
0#tj€Ae,4<j<v such that

K 2k[T{E, ..., T - Z(4) = k[, ..., ]

is an isomorphism of I'-graded algebras where K is given the I'-grading as in
(1.10).
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Next take 0 # a; € 4., 1 < i <3 so we get 0# a? € Ay, = kt; and thus
there exists a non-zero element s; € k such that a? = 5;¢; . We know that Aisa
Cay}ey—Dickson algebra over k generated by ay, a,, a3 € A. Moreover, it has
as k basis the elements u;, =1, up =a,, us =a, us =a1az, Us =az, Uj 4 =
ujus, 2 < j < 4 and structure constants p; = s;t;, 1 < i < 3, which are in
Z(A). It now easily follows that 4 is in fact a Cayley-Dickson algebra over
the ring .Z'(4) . To see this, we build up 4 from k1 using the Cayley-Dickson
process. First, a; € 4, C A}l ,ei #0, so n(l,a;) = 0 and we can use
a, in the first step of the Cayley-Dickson process. Hence, the k-subalgebra
of A generated by a; is kIl GBkal obtained by doubling k1 with structure
constant s;¢;. Since n(kl @ kay, ay) = 0 by Lemma 1.24(ii) and since 7 is
non-degenerate on k1 ® ka, we can use a, in the next step of the Cayley-
Dickson process. Repeating the process we can conclude that 4 is a Cayley-
Dickson algebra over the ring Z(4). So it is clear that 4 has the elements
{uy, uy, ..., ug} asa basis when considered as a free .Z’(4) module. O

It is known that if %A = A(K, x;, X2, x3) and 2 = AK, x|, x5, x3) are
Cayley-Dickson algebras such that 3t € (K *)2 (K* is the non-zero element of
K), then 2 = 2. Thus, we have the following result.

Corollary 1.26. Let A be an alternative algebra over the algebraically closed
field k which is not associative and satisfies (1.4)-(1.7). Then A is isomorphic
to A=AK, t,, 12, t3), the alternative torus.

Our next goal is to obtain an understanding of the k-linear derivations of 2,
Der, (), and the relationship of these to the K-linear derivations Derg (%),
and the k-linear derivations of K, Der,(K). In fact, we will show that we
have a semi-direct product decomposition

(1.27) Der, () = Derg () @ Der, K, Derg () < Der (1)

where Der, K can be embedded in Der, () and turns out to be isomorphic
to the outer k-derivations of 2. These properties play an important role when
we consider the first cyclic homology group of 2 and construct quasi-simple
algebras whose coordinates are the alternative torus 2. Some of the techniques
we use to study derivations of 2 have appeared in other studies of derivations
of Cayley-Dickson algebras or related algebras, and the reader can do no better
than to consult [McC] for this and for further references on this point. Because
derivations play such an important role in later developments we present most
of the details necessary for the proofs, although we leave some of the more
straightforward computations for the reader.

Remark 1.28. If D € Der,(2), then, because K equals the nucleus of A, we
have, if a € K = N(¥),
0=D(0)=D((a, b, ¢))
=(Da,b,c)+(a,Db,c)+(a,b,Dc)=(Da,b,c)
for any b,c € % so that Da € K = N(A). Thus, the restriction map R :

Der; (%) — Der(K) defines a Lie algebra homomorphism whose kernel equals
the ideal Derg(2) of the Lie algebra Dery ().
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The Lie algebra of derivations, Der;(K), is easy to understand. Towards

this end we now introduce some notation. Recall that K = k[f', ..., ]
is ' =22 @272 @27 @ 7Z"~? graded and that the alternative torus 2 has a
basis as a free K-module which we denote u; = 1, uy, ..., ug and which

satisfies the multiplication table on p. 5 of [S] where u; = s;t; for 1 < i <
3. Moreover, we usually identify K with K -1 C 2 and note that if we
let g = uy, 8 = u3 and g3 = us, then g2 = s;¢; for 1 < i < 3. As
81, &, & generated 2 asa K-algebra then we find, letting g; = t; € K C A for
4<j<v,that gf', ..., g*' generate A asa k-algebra. Also, deg(g) = ¢€;
for 1 <i<wv. If a=(a,...,a) € Z we define the element g* by
g = (- ((g"g5)gd) - )g% . Then because (1.4)-(1.7) hold for A we see
that g? is a non-zero element in A, so A, = kg*. As 2 is Z”-graded we have
the v degree derivations d, ..., d, € Der,(2) given by writing d;(g*) = a;g*
for any a € Z¥. That is, d; acts as scalar multiplication by a; on 2,, and in
particular we have

(1.29) di(gj) = 6ij&;, 1<i,j<v.
Moreover, it is very easy to see that if D is any derivation of 2 which is

homogeneous of degree 0 then D =37 | a;d; for some scalars o, ..., a, €
k. We let

(1.30) Do={> aidilai €k, 1<i<v}

i=1
Definition 1.31. For ac T =2Z®2Z ®2Z ® 7”3 and a € k¥ we define the
map I'y , of A to A by

Fio=2g"Y od.
i=1
That is, T .(g) = (alb)g®g®, where for any B = (Bi,...,B8,), 7 =
(1, ..., ) in k” welet (B|y) = Y ;_, Biy: be the usual dot product.

Since K is the center of 2 then if a € I' we know 2, = kg® C K so that
I'a,o is a derivation of 2 which is in fact homogeneous of degree a because
Ia,o(2p) C Agyp for any b € Z¥ . An easy computation leads to

(1.32) [ra,a s 1Hb,ﬂ] = I“a+ls,(ozlli)/?—(/”a)‘)‘ ’

forany a,bel’, a, g €k”.

It follows from this that the k-subspace & spannedby I'y , forael',a €
k¥ is a subalgebra of Der,(2). Also, we see that if D = Y Ty o@ is a
derivation in &, where a(a) € k¥, which vanishes on K, then we have D
is identically zero on 2. Indeed, if i € {1, 2, 3} then, as a € I' implies
g* is central in 2, we obtain from D(g?) = 0 that 2g;D(g;) = 0 so that g;
invertible implies that D(g;) = 0. It follows that D is identically zero on 2 and
hence R|g, the restriction map R from & to Dery(K), is injective. We let
i : Der(K) — Der(2) be the inverse of R and use this to identify Der, (K)
as a Lie subalgebra of Der, (). It is a well-known fact that Der,(K) = R(Z)
and so we now let Z, = {I'y, 4| € k*} for a € T", and use the above to identify
Der(K) with & = @,cr Za. Thus, i(Derg(K)) = @,cr Za- This leads us to
the next result.
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Theorem 1.33. Let A be an alternative torus over k. Then Derg(2) is an ideal
of Der, () and we have the semi-direct product decomposition

Der; () = Derg () & i(Deri (K)).
Proof. We have seen that Derg(2) is the kernel of R and hence is an ideal of

Der, (). Moreover, if D € Der,(2) then D — i(R(D)) is in the kernel of R
so Der, () = Derg () + i(Deri(K)). Clearly the sum is direct. O

Remark 1.34. A more general result than Theorem 1.33 is true. Let & be any
Cayley-Dickson algebra, say & = (#, v,, v, 13), over the commutative ring
 , where each v; is a non-zero invertible element in % and &% is a k-algebra
for some commutative ring k :

(a) There is a unique Lie algebra homomorphism i : Dery(#) — Der (%)
such that the restriction of (D) to % isjust D for D € Der,(%#), and we
have the semi-direct product decomposition

Der (%) = Derg (%) @ i(Dery(%#)).

(b)Let 1 =wuy, us, ..., ug be the standard .# basis of & (see [S], p. 5) and
let g = uy, g = u3, g3 = us as above. Then for D € Der, (%) the following
are equivalent:

(1) D € i(Dery(Z#)),

(i) Du; € FPu;for1 <i<8,

(iii) Dg; e #gifor1 <i<3.

The proof of this, while not difficult, would take us too far afield of our main
goal, and so is not included. Besides, the result in this generality is not needed
for our later results.

We next investigate the inner derivations of 24 and show they coincide with
Derg () . However, we work in more generality for a while and so let . be
an alternative algebra over the commutative ring % of scalars. We assume %
is an integral domain and its quotient field, Z , is not of characteristic 2 or 3.
Moreover, we assume % has an identity element 1 € ¥ so Z =#-1C.%,
with &Z# in the center of & .

Definition 1.35. Let % be as above and for a € . we let L, (resp. R;)
denote the element in Endg (%) denoting left (resp. right) multiplication on
% by the element a. The inner derivation of . determined by the pair of
elements a, b € & is denoted D, , and is defined by

D, p =[La, Lyl +[La, Rp] + [Ra, Ry]
= Lig 5} — Ria, ) — 3[La, Rp]-

Notice that the map (a, b) — D, , is F-bilinear. Moreover, it is a stan-
dard fact that D, , € Dery(%), and that the following formulas hold. For
references consult [BK] or [S].

(1.36) Dy p+ D=0,
(1-37) Dab,c+Dbc,a+Dca,b=0a
(1-38) [D’Da,b]'_‘DDa,b‘i'Da,Dba

forany a, b, ce.%”,and any D € Dergy ().
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Notice that it follows from these formulas and the definition that D; , =
0 and D, , = 0 for any a € .. We let Inn(.*) denote the #-span of
all inner derivations D, , for a,b € & . In our next result we let . =
O be an octonian algebra over #, so O is constructed from # by the 3-
fold Cayley-Dickson process and is a free %#-module of rank 8 with a basis
uy =1, uy, ..., ug satisfying the usual multiplication found in [S], p. 5 with
structure constants u,, i, i3 being invertible elements in % . It is a standard
fact (see [BK] or [S]) that if % is a field of characteristic not 3, then Derg(0)
equals Inn(Q) and that this is a 14-dimensional space. We will use this in our
next result where we compare Derg(Q), Inn(Q) and the derivation algebra
Der;(0) = Inn(®) where O = # ®4 O is the octonian algebra over the field
# obtained from O by extending scalars.

Lemma 1.39. With the notation as above we have
(a) Inn(Q) is a free F-module of rank 14.
(b) For every D € Dergy(Q) there is a non-zero element a € X such that
aD € Inn(0).
Proof. Since the map (a, b) — D, ; € Inn(C) is Z#-bilinear and D; , =0 =
D,,, for a € O then D, , = —D;, , for a,b € O implies Inn(Q) is the
Z-span of the 21 derivations Dy, ,, = =Dy, 4, for 2<i,j<8, i#j.
Next we use the relation (1.37), noting us3u; = —uy4, to get

D—u4,u. +Du2ui,u3 +Duiu3‘“2 =0

for 5 <i < 8. Noting from the multiplication table of the u’s that {u,u;|5 <
i <8} and {w;u3|5 < i < 8} both have F#-span equal to €B§=5$u,~, we see
we can leave out the 4 derivations Dy, 4, for 5 < j < 8. Next note that
UsUy = Ug SO
Dug,u; + Duyu; us + Dujus,u, = 0
for i = 7, 8. Since the #-span of {uu;|i = 7, 8} is @i,%ui and that
of {uusli =7, 8} is Fu; & Huy, we can get rid of two more derivations,
namely D,, ,, for j = 3, 4. Finally, using the triple u3, us, ug and noting
UsUs = —U7, UsUg = U3U4, UU3 = UrUe EIVE US
D—u7,u3 + ﬂSDu4,u3 + #2Du6,u5 =0

so we can shed one more derivation, leaving us with the fact that Inn(Q) is the
Z-span of 14 derivations.
We note that any derivation D € Derg(Q) determines a derivation

D € Der;(0) = Inn(0)
given by D(r®u) =r® D(u) for r€ #,u e 0. If E is any inner derivation

of 0, say E = Z25i<j58 rijDy; u; Where r;j € Z# and we may suppose that
rij =4 for s;;, s € #Z, then letting

D= Z SijDu,,uj (S Inng(@)

2<i<j<8
we find that 1D = E. Thus, the map
1: % ®4 Inn(0) — Inn(0)
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given by A(r® D) = rD for r € %, D e Inn(Q) is surjective, so that since
we know dimg Inn(Q) = 14 then we get A is an Z-linear isomorphism. It
follows that Inn(Q) is a free .%#-module of rank 14 and this proves (a).

As for (b) we begin with D € Dery(0) so that

D € Der;(0) = Inn(0) = # ®4% Inn(0).

Then clearly, as above, there is some E € Inn(Q) and non-zero a € &# for
which D=1FE soon O weget aD=E. O

We next want to apply this to our alternative torus 2% = (K, s1¢;, S2t2, $313)
where K = k[, ..., '] with v > 3 and the characteristic of k is not 2
or 3. We know that 2 is Z"-graded so for a € Z” let P, : A — 2, denote the
projection afforded by this gradation. For D € Der, () we see that if

D, = ZPa+b°D°Pb

bez¥
then each D, is a derivation of 2 and is homogeneous of degree a. Moreover
since 2 is generated as k-algebra by gif', ..., gX! then we see that the sum

> aczv Da is finite and equals D. Thus, the derivation algebra, Der, (%), is
Z"-graded and we let &, be the space of elements of degree a. Clearly both
Derg () and Inn(2) are graded subalgebras and we know Inn(2) C Derg(2) .
If D € Derg(2) is homogeneous of degree a € Z”, then by Lemma 1.43(b)
there is some non-zero r € K, for which E = rD € Inn(). Writing E =
> bezv Ev, where £p € Inn(2) is of degree b and r = Y bezv v Where ry € Ky
is of degree b, we find D = Ey,p forall be Z”. Now r # 0 implies r, # 0
for some b € Z", so because K} is a 1-dimensional k-vector space spanned
by an invertible element in K we obtain that D = %EH., € Inn(2A) so that
Inn(2A) = Derg (). We can now state our main result on the derivation algebra
Der, () .
Theorem 1.40. Let k be a field of characteristic not 2 or 3 and let
A=AK, s1t1, 212, $33)
be an alternative torus. Then Der(2) is Z"-graded so that
Der, (%) = @ “,,
aczZ¥
where 9, is the space of derivations of degree a. We have
Derg () = Inn(A) = @ D,
a€Z¥\I'
is an ideal of Der, () which is a free K-module of rank 14 while
Der, (K) = @9,
ael
is a subalgebra of Dery(K) which is isomorphic to the algebra of outer derivations
of A. Moreover, if a€ T, then D, = {Ta 4la € k¥} is of dimension v, while if
ac Z" \T then the dimension of the space Z, equals 2.
Proof. Recall D, , =0 = D, , forany a € K and (a,b) — D, is K-
bilinear. Also, for a, b € 24 homogeneous and r € K homogeneous we have

degrD, , = degr + dega + degb.
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We have seen that Derg() has a K basis of elements of type D, , for
2<i#j<8 with degu; +degu; ¢ I'. Hence, any non-zero homogeneous
element of Inn(A) has its degree in Z” \ I'. That is, we know Derg(2) =
Inn(A) = Pyeze\r Za -

Also, as g%F, = D,,p for be T (since K = Dyper Av is the center of 2A),
we need only compute the dimension of &5, for J any representative of the
7 cosets of Z”/I" different from the coset I'. Now Z”/T" is a direct sum of 3
cyclic groups of order 2, so that if p is any non-zero element of Z”/I" then
there are exactly three 2-element subsets of Z"/I", say {a;, f;} fori=1,2, 3,
with a; + f; = p. Then (1.37) leads to a non-trivial K-linear relation among
the elements D, g , D, p,, Da,,p, - But we know Inn(2) is free of rank 14
as a K-module, so this implies that dim %, =2 for a € Z" \I'". The rest of the
theorem has already been established. O

We now want to discuss the analogue of the (Connes) first cyclic homology
group of the alternative torus 2A. We begin by working with an arbitrary al-
ternative algebra S over the field k& which has an identity element 1 € S.
Towards this end, let I be the k-subspace of S ®, S spanned by the elements

(1.41) a®b+b®a, ab®c+bc®a+caxb,
forall a, b, c € S. Thus, we can form the factor space
(1.42) (S,8)=(Sx9)/I.

For notation we let (a, b) denote the coset a®b+1I of (S, S). Then it follows
that

(1.43) (a, by =—(b,a), and
(1.44) (ab, c)+ (bc,a)+{ca, b)=0,

forall a, b,ce S. Also, (-, +) is k-bilinear. It follows from (1.43) and (1.44)
that (1, a) =(a, 1) =0 and (a, a) = 0 forall a € S. Because of (1.36), (1.37)
there exists a linear map p : (S, S) — Inn(S) such that p((a, b)) = D, ;.

Definition 1.45. We define the Connes first cyclic homology group of S, denoted
H Cvl (S ) s by

HCy(S)={D_(ai, bi) € (S, S)| Y Do, 5, = 0} = kerp,
ies i€s

where .# is a finite index set.

The reason for the name is that in the case S is associative with [S, S]N
Z(S) = (0), HC,(S) is indeed the usual Connes first cyclic homology group
of S, see [BGK] or [KL].

Our goal is to see that HC,(S) is Z” graded when S =2 and to compute
the dimensions of the homogeneous spaces. This will be needed when we build
quasi-simple algebras from 2. Moreover, we will need some properties con-
cerning k-bilinear maps satisfying identities like (1.43) and (1.44) so our next
result concerns itself with this.
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Lemma 1.46. Let & be a k-vector space and {-, -} :S®;, S — & a k-bilinear
mapping satisfying

(1) {a,b}+{b,a} =0, and

(ii) {ab, c} +{bc,a} +{ca, b} =0,

forall a,b,c € S. Let (a,b,c) = (ab)c — a(bc) be the associator of the
ordered triple a, b, ¢ of elements in S. Then we have

(1) {(a,b,c),d}+{c,(a,b,d)}+{(c,d,a),b}+{a,(c,d,b)}=0,
and

(2) {Dg,5c, d} +{c, Dy pd} +{D. 4a, b} +{a, D, 4b} =0,

forall a,b,c,d e S. Moreover, let &' be the k-span of all elements {a, b} €
& forall a,b e S. If there is a k-linear map n : & — Inn(S) satisfying
n({a, b}) = D, , then defining [-,-]: & @ &' — &' as the k-bilinear exten-

sion of [{a, b}, {c,d}] ={D, sc,d}+{c, D, yd}, we get this is a well-defined
k-bilinear map making &' into a Lie algebra in such a way that m is a surjective
Lie algebra homomorphism.

Proof. Recalling that in an alternative algebra the associator is an alternating
function of its variables, we see the left-hand side in (1) is

{(a,b,c),d}+{c,(d,a,b)}+{(c,d,a),b}+{a,(b,c,d)}.
Expanding this and rearranging terms gives us
{(ab)c, d} - {c, d(ab)} — {a(bc), d} + {a, (bc)d}
+ {c, (da)b} — {c(da), b} + {(cd)a, b} —{a, b(cd)},

which equals

({(ab)c, d} +{d(ab), c}) — ({a(bc), d} + {(bc)d , a})

— ({(da)b, c} + {c(da), b}) + ({(cd)a, b} + {b(cd), a}).
Now by (ii) this is
—{cd, ab} + {da, bc} + {bc, da} — {ab, cd},

which is O by (i). This proves (1).
Expand the left-hand side of (2) using Definition 1.39 and rearrange terms
to get

{(ab - ba)c, d} — {c, d(ab — ba)} — {c(ab — ba), d} + {c, (ab — ba)d}
+ {(cd —dc)a, b} — {a, b(cd —dc)} — {a(cd —dc), b} + {a, (cd —dc)b}
-3{(a,b,c),d}-3{c,(a,b,d)}-3{(c,d,a), b} -3{a, (c,d, b)}.
Using (1) and (i) this becomes
({(ab — ba)c, d} + {d(ab - ba), c}) — ({c(ab — ba), d} + {(ab — ba)c, d})
+ ({(cd —dc)a, b} + {b(cd —dc), a})
— ({a(cd —dc), b} + {(cd —dc)b, a}).
By (ii) this is
{=cd, ab - ba} + {dc, ab — ba} — {ab, cd —dc} + {ba, cd — dc},
which is 0 by (i). This proves (2).
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The hypothesis and (2) insure that [-, -] is well-defined and anti-commutative.
As for the Jacobi identity, let a, b, c,d, e, f €S. Then
([{a, b}, {c, d}], {e, fH+l{c, d}, {e, f}1, {a, B}]
+I{e, /}, {a, b}1, {c, d}]
= [[{as b}’ {C’ d}]’ {e’ f}] - [{a’ b}’ [{C, d}> {e’ f}]]
+[{c, d}, [{a, b}, {e, f}I

By definition this equals

[{Da,bc, d} + {C, Da,bd} ’ {e: f}]
- [{as b} ’ {Dc,de, f} + {e, Dc,df}]
+ [{C, d} > {Da,bea f} + {e: Da,bf}]-
Using our definition of the bracket again and (1.38) this becomes

{Dp, ,c,a¢, [} +1{e, Dp, yc.af} +{Dc,p, ,a, f} +{e, D¢ p, ,af}
—{D4,5(D;,q€), [} ={Dc,a€, Dg s} — {Da,pe, D, af}
—{e, Dy 5(Dc,af)} +{Dc,a(Dg se), [}
+ {Da,bes Dc,df} + {Dc,de’ Da,bf} + {e, Dc,d(Da,bf)}
= {DDa_bc,de + Dc,D,,‘bde s f} + {e s DD,,y,,c,df"' Dc,Da‘,,df}
—{D4,6(Dc,q€) = D¢ d(Da,p€), [} —{€, Da,5(Dc,af) — Dc,d(Da,pf)}
= {[Da,b, Dc,d]e9 f} + {e, [Da,b s Dc,d]f}
- {[Da,b ) Dc,d]ea f} - {ea [Da,b ’ Dc,d]f}
=0. O
Note that if D € Der,(S) then D acts on S ®; S by linear extension of
D(a®b) =D(a)® b+ a® Db. 1t is clear that the subspace I defined as the
k-span of the elements in (1.41) is mapped to itself by D so that D(I) C I and
we have an induced action on the quotient space (S, S) satisfying
(1.47) D({a, b)) = (Da, b) + (a, Db),
forall a,beS.
Lemma 1.48. (1) If D € Dery(S) then D induces an action on HC\(S) in the

sense that D(HC,(S)) C HC(S).
(2) If D € Inn(S), then D acts trivially, that is as 0, on HC\(S).

Proof. Recall the map p: (S, S) — Inn(S) given by p((a, b)) = D, ;. Since
HC,(S) = kerp it suffices to prove that p is a Dery(S)-module homomor-
phism. In fact, we have
p(D(a, b)) = p({(Da, b) + (a, Db)
= DDa,b +Da,Db = [D: Da,b]

for a, b €S, D € Der,(S).

Notice that (-, -) satisfies (i) and (ii) of Lemma 1.46 so by (2) of that lemma
we have

D, p({c, d)) = (Dy,pc, d) +(c, Dy, pd)

- ((D¢,qa, b) +(a, D 4b)) = =D, 4((a, b)).
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Thus, if we have ), - Dy, », = 0, then
D, a(> (ai, b)) =Y ((Dc,qai, bi) + (@i, Dc abi))

ies ies
= Z Da;,b,(<C, d)) = 0’
ies
so that D, 4(HC(S)) = (0). O

We now specialize to the case where our alternative algebra S is the alter-
native torus 2. Since 2 is Z'-graded then so is A ®, A, where if x,y € A
are homogeneous then deg(x ® y) = degx + degy. Clearly the k-subspace [/
spanned by the elements in (1.45) is homogeneous so that (2, 2) inherits this
Z¥ grading as does HC, (%) . Indeed, HC,(S) is the kernel of the homogeneous
map p:(a, b)— D, , of (A, 2A) onto Inn(2A) = Derg(A) and by Lemma 1.46
this is a surjective Lie algebra homomorphism.

Recall that dim®Q, = 1 for a € Z” so thatif a, b€ Z”, then (g%(g*)~', g%
= (g"(ag®)~!, ag®) for any non-zero « € k, so that for any c € Z” we have

(g%(g%e)7", g7¢°) = (g"(&*™)', &*").
Moreover, we will use the fact that if be I', then g® € K, the center of 2, so
that (g®(g*)~', g% = ((g*)7'&", &%)

In any octonion algebra O, the inverse of an invertible element x € O lies in
the unital subalgebra generated by x as x~! = n(x)~!x = n(x)~1(2t(x)1 — x).
Since in an alternative algebra the subalgebra generated by two elements is
associative, we have for invertible x, y € O and arbitrary a € O:

ey) P =y x7!, (ax Hx=a=x(x""a)

We will use these remarks freely in the computations which follow. Also, recall
the definition of the elements g; before (1.33).

Definition 1.49. For a € I" and B8 = (fi,..., ) € k¥ we let wy g =
i /?i(g“g,-" , 8&i). Sometimes we write g*wy for the element w, g.

Lemma 1.50. (1) For ae ', B € Z we have

gwg=wa 5= Bigg ", &) =(""", &),
i=1
where 8= (B1,..., Bv).
(2) For a,beT, a, B € k¥ we have

(8°T.)(8°wp) = 8** W (ajb)p+(aipa-
Proof. For b = (by,...,b,) € Z" we let |b| = >/_,|b;| and use induction
on |b|. Clearly when |b| = O the result in (1) is true, and when [b| = 1
it also clearly holds, since we have (g%g;, g7') = —(1, &%) — (g7 'g", &) =
—(g%g", gi) because (1,x)=0 and g* € K=2Z(2). Nowlet b’ =b+e¢; €
Z¥ and suppose, by induction, the formula holds up to |b|. We have

(g%(g")", &) = (&g (g7, &%8))
= (g;(g%(&7" (&)™), &") + ((&*(g; ' (8" ' )&", &)
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by (1.48). Since a € I' this is

(g%(gi(g; ' (&)™), &%) + (g%(g; ' (&™) he", &),
which, by our previous remarks, is just (g*(g")"!, g°) + (¢*¢;', g;). By in-
duction thisis >;_,(b;+;;)(g*8; ! gi) asdesired. The case where b/ =b—¢ j
is dealt with in a similar way. This proves (1).

As for (2) welet a,beI', a, B € k¥ and consider (g°I',)(g°wp). Using
(1.47) and the fact that g*, g® are central in 2 we have

(8°Ta)(8°wp) = ) _ Bj(alb)(g*e"e; ", g;)
j=1
+_ Bilal —€))(g%8% ", &)
j=1
+> Bilalej)(g®g;", g*g)).
j=1
Writing
(88", 8%8)) = (g"g; ' &, &) + (g;8%g; ", &™)
and cancelling yields

Zﬂ;(alb (g**¢ ", &) +Zﬂ;(a|6; g, &%)

Jj=1 i=1
But (g, g?) = (gb*2(g*)~!, g?) as a, beT so that

(8°T.) (8 wp) = (a|b)g"+bwﬂ + (alB)g*Pws = £ W(ab)p+(alf)a >
as desired. 0O

Definition 1.51. Define a k-linear map ¢ : A — k by saying that

(a)_{l ifa=0,
&&)=10 ifaez’,a#0.

By Remark 1.22, ¢ vanishes on [, 2] = (A, A, A). Defining a k-bilinear
form (-, ) :AxA— k by

(1.52) (x,y)=¢(xy)forx,ye,
we find that (-, -) is symmetric and associative in the sense that
(1.53) (xy,z)=(x,yz)forallx,y, z € 2.

Moreover, it is clear that this form is nondegenerate. By the definition of ¢ we
find that

(1.54) e(di(x))=0forany xeA,and 1 <i < v.
From this we have ¢(d;(xy)) =0 forall x, y €2 so that
(1.55) (di(x),y)=—(x,di(y)) for 1<i<v,x,ye

That is, each degree derivation d; is skew-symmetric relative to the form
(+, +). We will use this in our next result. Also, recall that (2, ) and HC; (%)
are both Z"-graded with deg(g®, g®) =a+b for a,be Z”.
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Lemma 1.56. For our alternative torus 2 we have that (A, ), forany a € ZV is
spanned by the elements (g*g."', gi). We also have dim; HC\()o = v.
Proof. Since (g%, g°) = (g*(g"(g")""), &®) is a multiple of (g***(g")~!, g")
and of degree a+b we see that (2, ), is spanned by elements (g?(g®)~!, gP)
for b € Z". Moreover, (g*g”', g) isin (A, A), for 1 < i < v. We show
that if b= 3;_, bie; € Z” then (g*(g®)~!, g®) is a linear combination of the
elements (g“gi‘l , &) by using induction on |b| = }°7_, |b;|. This is clear if
b = 0 orif |b| = 1. Moreover as
(g*(e") 7", g™ = —((g"'g", &) - (g°¢*, (g")7") = —(g"¢*, (&")7")
and this is clearly a multiple of (g®g®, (¢®)~!) then we can suppose ( replacing
b and b’ if necessary ) that b=Db’+¢; for some b’ € Z with |b’| < |b|. Then
g® is a multiple of g g; so that
(g*(g")7", g% = (g™(&'(e") ), &% &)
and this is a multiple of ((g*g; Dg I") , g 'gi). Using(1.43) and (1.44) we see
this is a linear combination of ((g*)~'(g"g:), g* &) and ((g" g)(g*g "),
(g®)~1). Clearly the first of these is in the k-span of (g*g; ' g) while the
second term is a multiple of (g®g", (¢*)~'), and so since |b’| < |b| we can
finish by induction. This proves that (2, ), is spanned by (g"g,.‘l , &) for
1<i<v.
For the second part of the lemma we define linear functionals y; : A®%2A — k
for 1 <i<wv by
2i(x®y)=(di(x),y) forall x,y e
As each d; is skew-symmetric relative to (-, -) (see 1.55) then y;(x®y +y®
x) =0 for x,y € A. Moreover, using that the form (-, :) is symmetric and
associative we have for x, y, z € A that
Xi(xy®z+yz®Xx+2zxQYy)

= (di(xy), z) + (di(yz), x) + (di(zx), y

= (di(x)y, z) + (xdi(y), z) + (x, di(yz)

= (di(x), yz) + (di(y), zx) + (x, di(y2)

=0.
Thus, x; induces a functional, which we also denote by y;, on (2, ) satisfy-

ing

xi((x, p) = (
We know that the elements ( ,
HC; () and if >/_ a;(g7 ", &)

ment and obtain ,
=Y aildi(g"), &)
i=1

14

0=-) aid;j(g", &) =0,

)
)+ (¥, di(zx))
)+ (¥, di(zx))

i(x),y) forall x,y e
g) 1 < i <v span the subspace (A, A)g =
= 0 we apply the functional x; to this ele-

This gives

i=1
and so (g, Yog),...,(g7", g ) are linearly independent, as desired. O
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In our next result we compute dim; HC,(2A), for a € I'. The result is the
same as in the case when the coordinates are the quantum torus C, and I is
the radical of f, see [BGK].

Lemma 1.57. (a) For a € I', a € k¥ the derivation Ty o is skew-symmetric
relative to the form (-, -) on 2 if and only if (a|a) =0.

(b) For a€T" we have (A, A}y = HC,(A),.

(c) dimy HCi(”A)a=v —1 if ae T\ {0}.

Proof. Note that T, , is skew-symmetric relative to the form (.,.) iff
e(Ta,o(xy)) = 0 for all x,y € A. This is equivalent to &(Iy 4(g") = 0
forall b € 27, so I, , is skew-symmetric < (a|b)e(g*™®) = 0 for all b €
Z? & (aja) = 0. This proves (a).

For (b) we note that we have the Lie algebra homomorphism p : (2, ) —
Derg () given by p({x,y)) = Dx,, forall x,y € % (see Lemma 1.46). This
is homogeneous in the Z" grading. Now by Theorem 1.40 we have Derg () =
@Dacz\rZa so that if a € T then (A, A)y C kerp = HCi(A) and hence
(A, A)g = HC (A), as desired.

To prove (c) note that for a € I'\ {0}, (A, A)y = {g*wp|B € k¥} by Lemma
1.50(1) and (2, 2A), is spanned by (g*g7 ', &), 1 < i < v. If g*ws =0,
then (g*)~'T,(g*wp) = 0 and this is a non-zero multiple of @(aja)+(a|)(~a)
by Lemma 1.50(2). If (ala) = 0, then we get @, p)—a) = 0 so since we know
(& ', g) for 1 < i < v are linearly independent, we arrive at (a|f) = 0.
Thus, for any a € k¥ satisfying (aJa) = 0 we have (a|f) = 0, so this forces
B € ka. On the other hand, if g € ka, then g*wz = 0 because giw, =
(g(g™', g% = (1, g* = 0 by Lemma 1.50(1). It follows that dim; (A, A), =
dimy HC;(), =v—1. 0O

In our next result we determine (A, 2A), and HC;(2A)y, when a€ Z" \T'.

Lemma 1.58. Let ac Z" \T", then HC (), = (0) and dim; (A, A)y = 2.

Proof. Recall that 2 is a free K-module of rank 8 with basis u; =1, u,, ...,
ug and that g, = uy, & = u3, g3 = uUs generate A as a K-algebra. Thus, any
monomial in 2 can be written as g*u; for some acI', 1 <i < 8. Then, by
(1.44) we have

((&°ui)(g%u)), &%) + ((g%u;)g®, g*wi) + (g°(&™w;), g%u;) =0,
for a,b,ceI', 1<, j<8. This gives

(1.59) (8" uiu;, &%) + (8" u;, g*ui) + (¢**u;, g°u;) = 0.
Interchanging g®u; and gu; gives us
(1.60) (8*Pujui, g°) + (g°ui, g°u;) + (g u;, g*u;) = 0.
Adding (1.59) and (1.60) and dividing by 2 yield
Uil + Uju;
(g (=5, &9 + (& uy, g'wi) + (g% ui, g%uy) = 0.

Now if 2<i#j<8 then wu; +uju; =0, so we get

(1.61) (&% u;, g*ui) + (g***°u;, g°u;) = 0.
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Taking b =0 in (1.61) gives us, by using (1.43),
(1.62) (uj, g u;) = (g%, g*ui),
for a,c,eTl" and 2<i#j<8.
Taking the difference of (1.59) and (1.60) gives us (g**®(w;u;—u,u;), g%) = 0.

Since i and j can be chosen so that u;u; — u;u; is a non-zero multiple of u,,
for any m satisfying 2 < m < 8, we obtain

(1.63) (g%um, 8" =0,

forany a,beI and 2 < m < 8. Thus, (1.62) holds in the case when exactly
one of the two distinct indices i and j equals 1.

Now fix a € Z"\T'. By Lemma 1.56 we know that the elements (g*g™", &)
for 1 < i< 8 span (A, A)a. As g € K for 4 < | < v we find that the 3
elements (g“g,.”l , &) for i =1,2,3 span (A, A),. We show that these 3
elements are linearly dependent. Since a ¢ T’ we can write g* = gbu; for
some beI',2<j<8.1If je€{2, 3,5}, then the element with g; = u; above
satisfies

(g%, &) = (&"uju;', u;) = (8", u;) =0,
showing our 3 elements span at most a 2-dimensional space. If j € {4, 6, 7},
then say for convenience that j = 4, so from [S], p. 5 we find that u; = u4 =
Uruz = g1 &> So that

(g°¢7", 1) = (gPuaus", ua) = (g°(uaus)u;

is a multiple of (g®us3, u;) and so is

' uy)

(885", &) = (8Puauz", us) = (g(uauz)uz", u3)

by (1.62). Again we can conclude that elements span a space which is at most
2-dimensional. As w,us = —ug, Uzus = —u; the same argument for j = 4
works for j = 6 and j = 7, so we only consider j = 8 and g® = gbug.
Now (upu3)us = ug, so we find (gg", &1) = (g%((uaus)us)uy', up) is a
multiple of (gPusus, u;), which is a linear combination of the two elements
(gPusuy, u3) and (gPupus, us) by (1.44). The first of these is a non-zero mul-
tiple of (g*g,', &) and the second is a non-zero multiple of (g*g; "', g3) so
again we have a space of at most 2 dimensions. Thus. for a € Z \I", we have
dim(2A, A)y < 2.

To finish the proof, recall that we have a Lie algebra epimorphism p :
(A, A) — Derg () which is homogeneous and has HC;(2) = ker p. We know
that Derg () = @aezy\r%. and that dim, &, = 2 for any a € Z" \T" so
it follows that for such elements a we have p is injective on (2, 2), and
HC(%)a = (0). This is what we want. 0O

For easy reference we state a result summarizing what we know about (2, 2)
and HC ().
Theorem 1.64. Let A be the alternative torus. Then
v ifa=0,

dim HC (), = { v—1 lfael"\{O},
0 ifaez”\T.
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Moreover, for acT' we have HC (), = (A, A)y 50
HC (%) = P HCI(A)a = P, A)a

acll ael’
while if a€ Z" \ T then dimy (A, A)y = 2.

2. A>-GRADED LIE ALGEBRAS WITH ALTERNATIVE COORDINATES

The purpose of this section is to study Lie algebras with alternative coor-
dinates which are A4,-graded in the sense of [BM]. We show they are central
extension of a perfect Lie algebra, ps/3(S), where S is an alternative algebra
over the field k. Asin Section 1 we continue to assume that the characteristic of
k isnot 2 or 3. We show the cyclic homology, HC,(S), determines the Schur
multiplier, so is the kernel of the natural map of the universal covering algebra
of psi3(S) to this algebra. We then go on to study the properties of these al-
gebras which we need for our classification of the quasi-simple Lie algebras. In
particular, we deal with derivations and invariant symmetric bilinear forms and
when economy is to be gained by working with the alternative torus 2, rather
than a general alternative k-algebra S, we do so. All of the material here is
important when we come to the classification of the next section. The reader
should consult [F] (also [AF]) and [Se] for information and other viewpoints
on the Lie algebra we consider. One should note that both of these references
deal with Lie algebras of type A4, coordinatized by alternative algebras, but
from differing viewpoints, which bring out different aspects of the structure.
We have chosen to follow [Se] since it seems to us to conform to the structural
features which one encounters when dealing with the covering quasi-simple Lie
algebras.

We begin by recalling a simple lemma about the Lie algebra s/3(k) which we
will need later. As usual, Tr(x) denotes the trace of the matrix (or linear map)
X.

Lemma 2.1. For any x, y, z € sl3(k) we have that

Xyz+xzy +yxz+yzx+zxy + zyx
—Tr(xy)z — Tr(yz)x — Tr(zx)y — Tr(xyz + yxz)I3; =0
where I is the 3 x 3 identity matrix.

Proof. It is an easy matter to check that

x3 - %Tr(xz)x - %Tr(x-”)h =0

for any x € sl3(k). Linearizing by replacing x by x + y in this and then
canceling terms yield that

X2y 4+ xyx + xy? +yx? + yxy + y*x
1
-3 Tr(x2)y — Tr(xy)(x +y) — -;-Tr(yz)x —Tr(x%y + xy)I; =0

for all x, y € sl3(k). Finally, linearizing again by replacing x by x + z in this
latter identity and then canceling terms give the desired identity. O
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Recall from Lemma 1.46 that if S is an alternative k-algebra and if & isa
k-vector space such that there is a surjective map {-,-}:S®S — & satisfying
{a,b}+{b,a} =0 and {ab, c} + {bc, a} +{ca,b} =0 forall a,b,ce S
and a linear map = : & — Inn(S) satisfying n({a, b}) =D, , forall a,be S,
then the k-bilinear extension of [-, -] defined by

[{(1, b}’ {C, d}] = {Da,bc’ d} + {Ca Da,bd}

forall a,b,c,d €S toamap [-,:]: &x& — & makes & into a Lie algebra.
In particular, we have two examples of this situation, one by taking & = Inn(S)
and {a, b} =D, ;, n({a, b}) = D, , and the other by taking & = (S, S) and
{a,b} =(a,b) and n = p so p({a, b)) = D, . Our next result shows how
to build a Lie algebra of type 4, coordinatized by S from this data. These
algebras will turn out to be the cores of our quasi-simple Lie algebras.

Proposition 2.2. Let S be an alternative k-algebra with identity and & a k-
vector space together with a surjective bilinear map {-,-} : S®S — & and a
k-linear map © : & — Inn(S) satisfying
(1) {a, b} +{b,a}=0,
(ii) {ab, c}+{bc, a}+{ca, b} =0,
(iii)) n({a, b}) =D, p, foralla,b,ceS.
Let g = & & (sl3(k) ® S) and define a map [-,-] : g x g — g by bilinear
extension of the formulas

@  xea,yebl=3Tio)a, b +lx, e L
+ (o by - 2 TrCon i) o 2202

(b) [{a,b}, x®cl=-[x®c,{a, b}]=x®D, c,

(C) [{aab}a{C’d}]z{Da,bC’d}+{csDa,bd}a

for a,b,c,d € S,x,y € sih(k). Then g is a Lie algebra with the above
bracket product [-, -].

Remark 2.3. We write (x, y), for the term xy +yx — % Tr(xy)I3 in the above
when x, y € sl3(k). Note that (x, y), € sli(k).

Proof. To prove this, we need only verify the Jacobi identity is satisfied in the
following cases. We note that Lemma 1.46 already says that this product defines
a Lie algebra structure on & . We write

J(4, B, C)=[[4, B], C1+[[B, C], A]+I[C, 4], B].

Case 1. Assume A={a,b},B={c,d} €& and C=x®eeshk)®S.
Then we have that

J(Aa B’ C) =X® [Da,b’ DC,d]e _X®Da,bDC,de
+x® D, 4D, pe = 0.
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Case 2. Assume A={a,b}e&,B=x®c,C=y®desl3(k)®S. Then

J(A,B,C)=[x®D, c, y®+d]+[%Tr(xy){c, d} +[x,y]

cd-;dc+(x’y)o®cd;dc

= 3 T ) Da s, d} +Ix, ¥1®

(D,,,bc)d - dDa’bC
2
1 d+d
+ 3 Tr(xy)l{e, d}, {a, B} =[x, 1@ Dy p(55)
cd—dc)
2
+ 3 Trxp)e, Dapd) +[x, Yl @

CDa,bd - (Da,bd)c

2 b
which is zero by the definition of [-,:] on & and the fact that D, , is a
derivation.

Case 3. Let A=xQa,B=yQ®b,C=z®ce€sh(k)®S. We first expand
the commutator [[x ® a,y ® b], z ® c] to get

® a{a>b}]+[x®c’y®Da,bd]

(Da’bC)d + dDa’bC
2

+(x,7)0®

- (xa y)o®Da,b(

CDa,bd + (Da,bd)c
2

—(x,y)0®

%Tr(xy)z ® D, pc+ %Tr([x , v1z){ab + ba, c} + éTr((x , ¥)oz){ab - ba, ¢}

+ (Xyz —yxz—zXy + zyx) ® (ab+ ba)cl—c(ab + ba)
Txyz—yxz4zxy - zyx - E(Tr(xyz —yx2))l3

3
(ab + ba)c — c(ab + ba)
® 3

(ab - ba)c + c(ab — ba)
4
+ (xXyz+yxz+zxy+ zyx — j;5Tr(xy)z - %Tr(xyz +yxz)ls
(ab — ba)c — c(ab — ba)
® 2 .

We collect terms in the above, and use the shorthand that for X, any 3 x 3
matrix with entries in k, we let X’ denote the element X — %Tr(X )13, to get

+(xyz+yxz—zxy - zyx)®

% Tr(xy)z ® (D,,pc — (ab — ba)c + c(ab — ba))

+ %Tr([x, vlz){ab+ ba, c} + %Tr((x, ¥)oz){ab — ba, c}
+(xyz) = (yxz)' = (2xp)' + (zyx)".

Recalling the definition of D, ;, and the associator (a, b, ¢) = (ab)c — a(bc)
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the above becomes
(2.4)

—Tr(xy)z®(a, b, c)+ éTr([x, ylz){ab + ba, c}

1
+ 3 Tr((x, y)oz){ab—ba, c} + (xyz)' — (yxz)' — (zxy)' + (zyx)'.
Next one writes down the element J(A4, B, C) by taking cyclic sums of our
last term (2.4). We collect terms in this using associators, properties of {:, -}

and noting that
Tr([x, y1z) = Tr(ly, zIx), Tr((x,y)oz) = Tr((y, z)ox)
toget J(4, B, C) equals
- Tr(xy)z®(a,b,c)-Tr(yz)x®(a, b, c)—Tr(zx)y® (a, b, ¢)
+(xyz) ®(a,b,c)— (yxz)) ®(b,a,c)+ (zxy) ®(c, a, b)
—(zyx)®(c,b,a)+ (yzx)' ® (b, c,a)— (xzy)' ®(a,c, b).
This equals X ® (a, b, ¢) where
X=xyz+zxy+yzx+yxz+zyx+xzy
—Tr(xy)z — Tr(yz)x — Tr(zx)y — Tr(xyz + yxz)l5
which is zero by Lemma 2.1. Thus the Jacobi identity is satisfied so g is a Lie
algebra. O

Definition 2.5. We take & = Inn(S) in the above construction and denote the
resulting Lie algebra by ps/3(S). Thus,

psl3(S) = Inn(S) @ (sl3(k) ® S).

If .Z is any Lie algebra we let Z(.%°) denote its center. Note that if the
algebra S is associative then psh5(S) = sl3(S)/Z (sl3(S)). This justifies the
name ps/3(S) for our algebras.

We now recall the definition of A-graded Lie algebras (see [BM], [BGK], [BZ]
or [N]) and will make use of some facts about such algebras in what follows.
We adjust the definition to our particular situation of studying A4,-graded Lie
algebras.

Definition 2.6. Let A = {0, +a;, ta,, £(a; + a;2)} be the root system of type
A, with 0 adjoined and let Q = Za, ® Zay be the root lattice. Let g be
the Lie algebra sl/3(k) and b the Cartan subalgebra of § consisting of diagonal
matrices so that h has basis 4, = E|,—Ej,, h, = Ey,— E33 where, as usual, Ej;
denotes the matrix unit. A Lie algebra g over k is A-graded (or A,-graded) if

(i) g hasa Q-gradation
s=Ps"

a€Q
in which g # (0) if and only if a € A (recall 0 € A),
(ii) the Lie algebra g is a subalgebra of g and if g* denotes the root space
of g corresponding to a € A then g* C g™ forall a €A,
(iii) for all & € b, ady(h) act as the scalar a(h) on g*, and
(iv) g is generated by the root spaces g* for a € A\ {0}.

As we are assuming that the characteristic of k isnot 2 or 3 then we easily
have any A4,-graded Lie algebra is perfect.
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Corollary 2.7. Let g be any of the algebras constructed in Proposition 2.2. Then
g is Aj-graded.

Proof. One lets g° = & & (h® S), and we identify g with sli(k)®1 C g, so
h is identified with Hh® 1. Then let g* = 3> ® S for a € A\ {0}. From (a),
(b), (c) of Proposition 2.2 we immediately see that (i),(ii),(iii) of Definition 2.6
hold. Moreover, taking a € S arbitrary and b = 1 in (a) of Proposition 2.2
yields that H ® S is in the subalgebra of g generated by the g with o # 0.
Thus, the term § Tr(xy){a, b} of that formula is also and it follows that (iv)
of Definition 2.6 holds, so g is Aj-graded. O

Remark 2.8. We have constructed A,-graded Lie algebras from the data (S, &,
{-,:}, m) where S is an alternative k-algebra with identity, {-, -} : SxS - &
a k-bilinear map satisfying

(i) {a, b} +{b,a} =0,

(ii) {ab, c} + {bc, a} + {ca, b} =0,

(iii) & is spanned by the elements {a, b} fora, b€ S,
and where 7 : & — Inn(S) is a lineer map satisfying n({a, b}) = D, , for
all a,b € S. There is an obvious notion of isomorphism between such 4-
tuples. Recalling (1.43)-(1.45) we see that ((S,S), (-, ), p,S) is such an
object where, as usual, p({(a, b)) = D, , and we know kerp = H C, (S). More-
over, by the very definition of (S, S) we see that if (&, {-, -}, n,S) is one
of our 4-tuples then there is a morphism

9:((S,8), (., p,8) (&, {-,+}, 7, 8)

so in particular there is a surjective k-linear map ¢ : (S, S) — & such that
p(a, b)) = {a, b} so n(p(a, b)) = D, = p({a,b)) forall a,b e S.
Thus, kerg is contained in kerp = HC\(S), so since (S, S)/HCi(S) =
Inn(S) = &/kern as k-space we see that there is a one-to-one correspondence
between isomorphism classes of 4-tuples (S, &, {-, -}, #) and subspaces, E
of HC,(S) given by

E o ((S,S)/E,{-, }e,nE,S)

where for a, b € S, {a,b}g = (a,b)+ E € (S, S)/E and ng({(a, b) +
= D, ;. To develop the notation a bit more we let g(S, E) = (S, )/E 69
(Sl3(k) ® S) be the corresponding Lie algebra so when E = HC(S) t

8(S, E) = g(S, HC\(S)) = psh3(S) = Inn(S) & (s/3(k) ® S).
When E = (0) then
8(S, E) =9(S, (0)) = (S, S) & (sh3(k) ® S).
We can compute the center of the algebras g(S, E) as follows.
Corollary 2.9. The center of the algebra (S, E) is
HC(S)/EC(S,S)/EC(S,S)/Ea (slk)®S)=9(S, E).
In particular, Z (psl;(S)) = (0).

Proof. Since g(S, E) is an A,-graded Lie algebra then clearly Z(g(S, E)) C
9(S, E)°=(S, S)/E®(h®S). Assume that z = D+3 ., Xx;®s; € Z(g(S, E))
where D € (S, S)/E, {si}ic; isa k-basisof S and x; € h for i € I with x; =
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0 for all but a finite number of indices i € I. Thenfor x € §,0=[z,x®1] =
Y icilxi, x1®s; sothat [x;, x] =0 forall i € I and all x € g. This implies that
x;=0 forall iel sothat z=D € (S, S)/E. Then forany x € g,a e S we
have in g(S, E) that 0 =[D, x®a] = x @ ng(D)(a) so that ng(D) = 0. Now
if D=3 (a;, b))+ E then ng(D)=3,D,, p soweget Y (a;,b)e HC\(S)
and D€ HC(S)/E. Clearly HC,\(S)/E C Z(¢(S, E)). O

For any perfect Lie algebra g we let § denote its universal central extension.

We are going to show that g(S, (0)) = ps/3(S) and it follows from this that

in fact g(S, (0)) = g(§,\E) for any subset £ of HC;(S). It also follows that
H,(g(S, E), k) = E . In order to prove this it is convenient to use the Steinberg
Lie algebra which we now introduce.

Definition 2.10. The Steinberg Lie algebra, s#3(S), is defined to be the Lie
algebra over k given by

generators: u;;(a), for1<i#j<3,aesS,

and .
uglab)if i #1, j =k,

0ifi #1, ] #k.

One knows from Proposition 3.17 of [BM] that st3(S) is an A,-graded Lie
algebra whose associated coordinate algebra is S and moreover that s£3(S) is

—

centrally closed (see [G] or [BM]). It follows that ps/3(S) = st3(S).
We let H;j(a, b) =[u;j(a), uji(b)] for 1 <i#j<3 and a, b eSS so that
H,'j(a, b) = —Hji(b, a).
By the Jacobi identity we get
(2.11) H;j(ab, c) = [u;j(ab), u;i(c)] = [[ui(a), ux;(b)], uji(c)]
= [ui(a), uri(be)] — [ug;(b), [ui(a), uji(c)]]
= Hy(a, bc) + Hyj(b, ca)
for a, b, c € S and distinct indices i, j, k.
Taking a=b=1 in (2.11) we get
H;j(1, ¢) = Hy(1, ¢) + Hy;(1, ¢),
interchanging j and k gives
Hy (1, ¢) = Hi;(1, ¢) + Hy (1, ¢),
combining these yields
(212) ij(l,C)—_-_ jk(l,C)—_—ij(C, 1)’
for distinct j and k and c€ S.

Now let {j, k} = {2, 3} and consider the element H,j(a, b) — H;;(1, ba).
By (2.11) this equals Hy(a, b) + Hy;(1, ba) — H (1, ba) so by using (2.12)
this becomes Hi(a, b) — (Hy (1, ba) + Hyj(1, ba)) which by (2.11) again is
just Hy(a, b) — Hy (1, ba). We define h(a, b) by
(2.13) h(a, b) = Hij(a, b) — H\;(1, ba),
and note this does not depend on the choices of {2, 3} by the above computa-
tion.

relations: [u;;(a), ug(b)] = {
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Lemma 2.14. For a, b, c € S we have
(1) h(a,b)+h(b,a)=0, and
(2) h(ab, c)+h(bc, a) + h(ca, b) = Hyx(1, (a, b, ¢)) + Hyi3(1, (a, b, ¢)).

Proof. Since Hy(ab, c¢) = Hysz(a, bc) + H3y(b, ca) then
h(ab, c)+ Hiz(1, c(ab)) = Hia(ab, ¢) = h(a, bc) + Hi3(i, (bc)a) + Hyy(b, ca).
Also, since

Hy(b, ca) = Hy (b, ca) + Hyx(1, (ca)b)
- H13(ca, b) + HIZ(I ) (ca)b) )

we have

h(ab, c) + Hyy(1, c(ab))
= h(a, bC) + H13(1 s (bc)a) — H13(ca, b) + H12(1 , (ca)b)
= h(a, bc) + Hy3(1, (bc)a) — h(ca, b) — Hy3(1, b(ca)) + Hy5(1, (ca)b).

This gives us
h(ab’ C) - h(a, bC) +h(Caa b) = H12(1 5 (C, a, b)) + I-Il:‘l(1 ’ (b’ c, a))

Setting a = 1 and using that h(1, bc) = 0 we have h(b,c) + h(c,b) = 0
which proves (1). Also, we have

h(ab, ¢) + h(bc, a) + h(ca, b) = Hy3(1, (a, b, ¢)) + Hi3(1, (a, b, ¢))
which is (2). O

We now define T'(a, b) by

(2.15) T(a, b) =3h(a, b) — Hi»(1, ab — ba) — Hj5(1, ab — ba),
for a,besS.

Lemma 2.16. For a, b, c €S we have

(1) T(a,b)+T(b,a)=0, and

(2) T(ab,c)+ T(bc, a)+ T(ca, b) =0.

Proof. (1) is clear from the definition of 7'(a, b) and the corresponding prop-
erty for h(a, b). As for (2) we have by (2) of Lemma 2.14 that
T(ab,c)+ T(bc, a)+ T(ca, b)
= 3Hy(1, (a, b, ¢)) + 3H3(1, (a, b, ¢))
— Hy5(1, (ab)c — c(ab)) — Hy3(1, (ab)c — c(ab))
— Hy(1, (bc)a — a(be)) — Hys(1, (bc)a — a(bc))
— Hyy(1, (ca)b — b(ca)) — Hy3(1, (ca)b — b(ca))
= 3Hy(1, (a, b, ¢)) + 3H\5(1, (a, b, ¢))
—Hy(1,(a,b,c)+ (b, c,a)+(c,a, b))
- Hy3(1,(a,b,c)+ (b, c,a)+(c,a,b))
=0,

as desired. O
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In order to show g(S, (0)) is isomorphic to st3(S) we let ¢ : st3(S) —
g(S, (0)) be the homomorphism defined by ¢(u;j(a)) = E;j®a, for 1 <i#
j <3 and a € S. Here we are using the universal property inherent in the
definition of s#3(S) and the trivial fact that the elements E;; ® a satisfy the
necessary relations. Since g(S, (0)) is an A,-graded Lie algebra the elements
E;j ® a generate g(S, (0)) so that ¢ is surjective. Moreover, letting u;;(S) =
{uij(a)la € S}, we see that ¢ is one-to-one when restricted 10 €D, <, ;<3 %ij(S) -

Next we let s23(S)° = 32, 1, j3[uij(S) , #;i(S)] so that

st3(8) =st3(8)° @ ( P wi(S)).
1<i#j<3
Noting that for i # j we have
¢(Hjj(a, 1)) =[Ej®a, E;®1]=(E;-Ej)®a,

we see if H is the span of all elements H;j(a,1) for 1 < i # j <3 and
a €S, then p(H) = h® S. Also, recalling (2.11) and (2.12) we see that
H = H(S, 1)+ Hy(S, 1) sosince p(H) =h®@S =S &S we see that ¢ is
one-to-one when restricted to H .

Finally put T equal to the span of all elements T'(a, b) for a, b € S. Since
T(a, b) equals

3(Ha(a, b) — Hix(1, ba)) — Hy5(1, ab — ba) — Hi3(1, ab — ba),

then since
p(Hin(a, b)) = %w’ b)+ (Evi = En) @ . ; ba + (E2, E21)0 ® @ ; b ,
and
p(His(a, b)) = %(a, b+ (En-En)e® ab;ba +(Ei3, E31)o ® ab;ba,
we get that
o(T(a, b)) = (a, b) + 3(Evi — En) ® “b;ba 3(En. Exo
@ ab ; ba _ 3(E\; — En) ® ba— (Ey; — Ex)

® (ab — ba) — (Ey; — E33) ® (ab — ba)
={a,b).

By Lemma 2.16 and the universal property inherent in the definition of (S, S)
we see that ¢ is one-to-one when restricted to T .

From the definition of T'(a, b) we find that H,(a, b), Hi3(a,b)e T+ H
forall a, b€ S soby (2.11) we see Hyi(a, b) € T + H and hence st3(S)° =
T + H . Moreover,

0(s13(5)°) = p(T) + p(H) = (S, S) +h® S = (S, S) & (h® S)

so that s73(S)° = T @ H and hence ¢ is one-to-one on st3(S)° and so is an
isomorphism of s3(S) and g(S, (0)). This establishes most of our next result.
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Theorem 2.17. If g is an A,-graded Lie algebra over k with coordinate algebra
S which is an alternative algebra with identity over k then there is a subset E of
HC(S) such that g is isomorphic to g(S, E). Each of the algebras g¢(S, E) isa
central extension of g(S, HC(S)) = psl3(S) and the universal central extension
of each of these is the algebra ¢(S, (0)) which is isomorphic to st3(S).

Proof. We already know that g(S, (0)) and s3(S) is isomorphic. The rest of
the result follows from this and the results in Section 3 of [BM]. O

We next want to compute the space of invariant symmetric forms on the
algebras g(S, E). Our result generalizes the situation when the coordinate
algebra is associative, which is dealt with in Lemma 2.8 of [BGK]. Recall the
following definition; see [BGK] or [BeK].

Definition 2.18. If g is a Lie algebra over k we let J be the subspace of g®g
spanned by all elements of the form x®y—-y®x, [x, y]®z—xQ[y, z] forall
Xx,¥,z€g. Let V(g) be the factor space of g®g by J sothat V(g) = g®g/J .

Note that the dual space, V' (g)*, is just the space of invariant symmetric
bilinear forms on g. Moreover, if g is perfect then any invariant form is
automatically symmetric so in this case we can leave out the elements x ® y —
y ® x in the definition of J .

For our alternative k-algebra S we let [S, S] (resp. (S5, .S,S)) be the
space spanned by all the commutators [a, b] = ab — ba ( resp.- associators
(a, b, c)=(ab)c—a(bc)) for a, b, c€ S, and define

(2.19) F(S)=1[S, S1+(S, S, S).

Let g be one of our A4,-graded Lie algebras with coordinate algebra S. We
are going to show that V' (g) = S/.7(S). For notation welet x xy=xQy+J
in V(g) sothat x xy=yxx,[x,y]xz=xx[y, z] for x,y, z€ g. Also
let E;;(r) denote the element E;; ®r in g.

Lemma 2.20. V(g) is spanned by the elements Ei5(1) x Ey(r) for r € S.
Moreover, E\»(1) x E;(r) =0 if re Z(S).

Proof. The usual argument using the two properties of symmetry and invariance
together with the fact that g is A,-graded shows that g* x gf = (0) for a, g €
A,a+ p # 0. It easily follows from this that V' (g) is spanned by elements
E;j(r) x Eji(s) for r,s € S,1 <i# j<3. Since E3(rs) = [E2(r), E(s)]
then

E3(rs) x E31(t) = [E12(r), Ex(s)] x E3(2)
= E(r) x [E23(S) s E31(l)] = Ej3(r) x Ey(st).

That is

(2.21) E\3(rs) x E3(t) = Ejo(r) x Ey(st), forr,s,teS.
Taking s = 1 yields

(2.22) E5(r) x E3(t) = Eya(r) x Ey (), forr,tesS.

Also,

Era(r) x Ei(t) = E3(t) x Eq3(r)
= [E3(t), E3(1)] x E13(r) = E3(t) x Ea3(r).
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so that
(223) Elz(r) X Ezl(l) = Ezg(r) X E32(l) , forr,tesS.

We also have that E|;(s) x E3 (t) = E2(1) x Ey(st) by taking r = 1 in
(2.21) and using (2.22). It now follows that V' (g) is spanned by the elements
Elz(l) X E21(r) for resS.

We have, by (2.23),

E\y(1) x Epi(rt) = Ea(r) x E(t) = E3i (1) x Epa(r)
= [Ex(1), E3()] x Epa(r) = Ex3(1) x Ex(tr) = Epp(1) x Ep(2r).

Thus, Ej2(1) x Ey(r) =0 if re[S, S].
Finally we have, by (2.21) and (2.22),

Ep(1) x Egi((rs)t) = Epa(rs) x Ex(t) = Ey3(r) x E3(st)
= Elz(r) X E21(St) = Elz(l) X Ezl(r(Sl)).

This shows Ej5(1) x Ey(r)=0if re(S,S,S). O

Our next result just deals with S.

Lemma 2.24. Let a,b,c,d,e, f€S. Then
(1) (D, pc)d ~ (D, 4a)b =0 (mod 7 (S)).
(2) ([Da,p»> D qle)f + ([De,y» Dc,qla)b =0 (mod #(S)).

Proof. To prove (1) we compute as follows.

(Dg pc)d — (D, qa)b = ((ab — ba)c)d — (c(ab — ba))d — 3((ab)c — a(bc))d
— ((cd —dc)a)b + (a(cd — dc))b + 3((cd)a — c(da))b.

Using that (S, S, S)+[S, S]1C #(S) we find this is congruent modulo #(S)
to the element

(ab — ba)(cd) — (dc)(ab — ba) — 3(ab)(cd) + 3(da)(bc)
— (cd = dc)(ab) + (ba)(cd — dc) + 3(cd)(ab) — 3(bc)(da).

Because [S, S]C #(S) we find this last element belongs to 7 (S).
Next note that the element on the left-hand side of (2) is

(DD,,_,,c,de + Dc,Da,bde)f"' (DDe'fC,da + DC,De,fda)b
= _(Dd,Da‘bCe)f-{- (DC,Da'bde)f_ (Dd,Denya)b + (DC,De‘/da)b'

Using (1) we find that modulo ¥ (S) this is congruent to
—(D, 7d)(Dy,5¢) + (De, 1¢)(Dy,5d) = (Da,5d)(De, r¢) + (Dg,5¢)(De, rd)
which is clearly in £ (S). O

We can now prove that V(g) = S/.7(S).
Proposition 2.25. Let g be one of the algebras ¢(S, E). Then V(g) = S/ (S).
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Proof. One knows (see the remark after Note 1.27 in [BeK]) that if 0 - Z —
§ — g — 0 is a short exact sequence of Lie algebras with Z* central in § and
g perfect then V(§) = V' (g). Thus, it is enough for us to assume that

8= 8(S, HC\(S)) = pshs(S) = Inn(S) & (s53(k) ® S).

Define a linear mapping A : ps/3(S) ® psh(S) — S/ F#(S), by the following
formulas:

M(x®a)® (y®b)) = Tr(xy)ab + .7 (S),
AD; p®(x®c))=A((x®c)®D, ) =0, and
ADg b ® D; 4) = 3(Dg, pc)d +F(S),

for x,yeslik),a,b,c,deS.

Note that by Lemma 2.24(1) and the definition of A we have that A is
symmetric in the sense that A(/y ® , — L, ® ;) =0 for any /;, l, € g. We next
show A([ly, Lhl® s -1, ® [, l3]) =0 forany /,, , I3 € g by considering the
following five cases.

Case 1. [, ,, I3 € Inn(S). We have for a,b,c,d, e, f €S that

M[Da,p>De,al®De f =Dy, 5 ®[De a5 De, r])
= l([Da,ba Dc,d] ®De,f) —A([De,f, Dc,d] ®Da,b)
=3([Da,> Dc,ale)f +3([De, s> Dc ala)b + 7 (S)

and this is 0 by Lemma 2.24(2).

Case 2. Two of /;, [, l; are in Inn(S) and one is in s/3(k) ® S. Here we
obviously have that A([/;, L]® s — I, ® [l2, [3]) = 0 by definition of A.

Case 3. [, € Inn(S), L, Is € sl3(k) ® S. We compute as follows:

A[Dg,p,x®c]®@(y®d)—D,; p @[x®c,y®d])
=A(x ® Dg,pc) ® (y ® d))

1 d+d d—-d
~ MDa,s ® (3 Trx)De 4 + [x, ¥1 @ 555 4+ (x, 1)o@ S525))

= Tr(xy)(Dq,pc)d — %Tr(X}’)ﬁ(Da,b ® D¢ q) +F(S)
=0 (mod 7 (5)).

Case 3. ), 5 €sh(k)®S and /, € Inn(S),

M-x®Da,y®b)-Alx®a,y® Db)
= —Tr(xy)(Da)b — Tr(xy)aDb + . (S)
= —Tr(xy)D(ab) + 7 (S)
=0 (mod .#(S))

as one can easily check that D.#(S) C .7 (S).
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Case 4. [, 1,5 € sl3(k)®S. Here we have

Mx®a,y®bl®(z®c)-(x®a)[yeb, zac])
1 ab+ ba ab — ba

= (G Tr)Da o +1x, v10 LEY 4 (1) 0 220 6 (2 0)
U e @ ® (T + Iy, 210 5L 4 (y, 2,0 22 Dy)

3
= %Tr([x , ¥12)((ab + ba)c) + %Tr((x , V)o2z)((ab — ba)c)
- %Tr([x , v1z)(a(bc + cb)) — %Tr(x(y , Z)o)(a(bc — cb)) + F(S)
= %Tr([x , Y1z)((ab)c + (ba)c — a(bc) — a(cbh))

+ % Tr((x, y)oz)((ab)c — (ba)c — a(bc) + a(ch))) + F(S)

= % Tr([x, y]1z)((ba)c — (cb)a) + % Tr((x, ¥)oz)(—(ba)c + (chb)a) + F(S)

1 1
= 5 Tr(lx, y12)((ba)e — c(ba)) + 5 Tr((x, y)o2)(~(ba)c + c(ba)) + 7 (S)
=0 (mod #(S)).

It now follows that A induces a map, which we also call 1, of V' (g) onto
S/#(S) and moreover A(E2(1) x Ep(r)) = r + #(S). Next, define a map
7:8 — V(g) by t(r) = Ejz(1) x E5;(r) and note by Lemma 2.20 7 induces
a surjective map of S/.#(S) onto V(g) which clearly satisfies Aot = id as
desired. O

When S =2 is the alternative torus then we know that ' = {x € A|¢(x) =
0} =[2, Al = (A, A, A) so that F(A) = EB?=2 Ku; and hence for g = g(2, E)
we have
(2.26) Vig)=A/F(A) =K =k[5', ..., ']

Remark 2.27. If ¢ € (S/7(S))* we define a bilinear form F, : psi3(S) x
psi3(S) — k by the formulas

Fo((x®a), (y® b)) =Tr(xy)p(ab + 7(S)),

Fo(Dg,p, (x®c)) =Fy((x®c), Dy ) =0, and

F¢(Da,b s Dc,d) = ¢(3(Da,bc)d +f(S)) s
fora,b,c,deS,x,yesl(k). Then F, isthe symmetric invariant bilinear
form in V(psl5(S))* associated with the functional ¢ € (S/#(S))* as in the
previous proposition. For E C HC(S) we let v : g(S, E) — psi3(S) be the
natural surjective homomorphism and lift F, to a form on g(S, E), which we
also denote by F,, by
(2.28) Fo(li, h) = Fp(w(h), w(k)), h,hLeg(S, E).

As in the Proposition we have V(g(S, E))* = {F,|p € (S/7(S))*}.
We now make some remarks about derivations of ps/3(S). The results and
proofs are exactly as in the case when the coordinate algebra is associative, see
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(2.10)-(2.17) of [BGK], so we will be brief and just recall them here in the
following remark.

Remark 2.29. Let # denote the derivation algebra of g = ps/3(S) and let for
a€A #°={De #|D(gf)C g*’ forall B € A} Then # =@, #°, and
it follows just as in [BGK] that .# = Inn(ps/5(S)) + .#°, where, of course,
Inn(psl3(S)) is the ideal of inner derivations in the Lie algebra .# . Also, if
D € Der(S) then D gives rise to a derivation of ps/3(S) by the following
formulas:

D(x®a)=x® Da,

D(Da,b) = [D, Da,b] = DDa,b + Da,Db )
for a, b € S, x € sly(k). In this way we have Der,(S) C .#° and in fact we
have .# = Inn(psl(S)) + Der(S), and Inng(S) C Inn(psh(S)) N Derg(S).

Recalling the form F, for ¢ € (S/-#(S))* in Remark 2.27 we make the

following definition.

Definition 2.30. For ¢ € (S/.7(S))* let
My (psli(S)) = M, = {D € #|D is skew-symmetric w.r.t F,}.

Similarly, we can define .#,(g(S, E)) for any subset E of HC,(S) as we
know F, gives rise to a symmetric invariant form on g¢(S, E). Notice that we
always have the inner derivations Inn(ps/3(S)) belong to .#, because the form
F, is invariant. Thus, .#, = Inn(ps/3(S)) +«i¢ where

(2.31) My = {D € Dery(S) C #|D € #,}.
Lemma 2.32. (1) .#, = {D € Der(S)|¢p(Da+.#(S)) =0 for all a € S}.

—_—

(2) My (pSIy(S)) = My (ps1s(S)).
Proof. From Remark 2.27, We have for D € # ,
F,(D(x®a),y®b)+ Fp(x®, D(y ® b))
=Fy(x®Da,y®b)+ Fy(x®a,y® Db)
= Tr(xy)e((Da)b + aDb + 7 (S))
= Tr(xy)p(D(ab) + #(S)).
Also, we have
Fy(D(Dg,3), x®¢)+ Fy(Dy 5, D(x®c)) =0
and it is easy to see that we have

Fw(D(Da,b) > Dc,d) + F¢(Da,b s D(Dc,d))
= 3¢((Dpa,s¢)d + (Dq, pp€)d + (Dya,5(Dc))d + (D, pc)(Dd) + F (S))
= 39(D((Dqa,50)d) + 7 (S),
as D(Dy,p¢) = [D, D4 plc + Dy p(Dc). Thus, D € #, if and only if
p(Da+ 7(S))=0 forall ae S.

The second assertion of the lemma follows from [BeM] since .Z (psl3(S)) =
(0). o
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We are now going to construct some Lie algebras which will turn out to give
us all of the quasi-simple Lie algebras which we consider. Our classification will
be accomplished in the next section. Here we just want to construct the algebras
and show they have symmetric non-degenerate invariant bilinear forms.

To begin we take S = 2, the alternative torus. Recalling ¢ : A — k from
Definition 1.51 we find that ¢ vanishes on ¥ (2) and hence induces an element
in (2A/#(A))* which we also denote by ¢. We can write &(x) for &(x+.7())

—

as ¢(#(2A)) = 0. We work with the Lie algebra ps/(A) = g(, (0)) = g. Now,
s=HC(Ma( P @, ) (shk)®),
a€zv\l

so if ¢ : g — psl3(A) is the natural homomorphism with kernel HC;(2) then
we know ¢ is one-to-one on the subspace ¥ = (@aEZ,\F(Q{, A)a) B (sl3(k)A).
Moreover, by Remark 2.27 the form F = F, on psl;(2) satisfies

(2.33) F(x®a,y®b)=Tr(xy)e(ab),
(2.34) FD, y,x®c)=F(x®c, D, ,)=0, and
(2.35) F(Dqg,b, Dc,a) = 3¢((Dq,p)d),

for a,b,c,d e, x,y € shk).

It is clear that F is non-degenerate on the subspace sh(k) ®@ A C psl3(A).
If D € Derg(2A) = Inn(2A) with F(D, /) =0 for all / € ps/3() then for all
a,beA we have

0= F(D’ [E12®a> E21 ®b]) =F([D, E|2®a], E2] ®b)
= F(E\; ® Da, E;; ® b) = ¢((Da)b).

This clearly implies that D = 0. Thus, we have
(2.36) F is non-degenerate on psl3(2).

Thus, since the center of ps@?&l) is HC () we get the lift of F to psT;?Ql)
has radical equal to HC,(2). We again denote this lift by F . Therefore, on

g = psh(A) we have F satisfies

(2.37) F(x®a,y®b)=Tr(xy)e(ab),
(2.38) F({a,b),x®c)=F(x®c, (a, b)) =0, and
(239) F(<aa b)’ <Ca d)) = 38((Da,bc)d)’

forall a,b,c,de, X,y € sly(k).
As in (2.32) we have .#, = {D € Dery()|e(Da) = 0 for all a € A}. Also,
we know Dery (%) = Inn(2) + Der,(K) and since our form F is invariant we

have Inn(2A) C /Z Let
(2.40) 9 = {D € Dery(K) C Dery (%) C Dery(psl;(2))|D € ./4,}.

Recalling from Theorem 1.40 that Dery(K) = @, Za Where Z, = {Ty qla €
k¥} we compute Iy ((g%)~") = —(a)-1 by (1.31) so find that ¢(I'y ((g*)™1))
=0 iff (aja) =0. Letting

(2.41) Dy = {Ta.oJa € k¥, (aja) = 0},
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we find that 9, = &, and that 9 = Dacr D, so that
(2.42) M, =Inn(A) + L.

Now (1.32) implies that & as well as @,G,-\ {0} D, are subalgebras of Der(K)

and that & consists of the skew-symmetric derivations from Lemma 1.57(a).
We have
. v ifa=0
. im; Z, = ’
(2.43) dimy Zs {V—l ifael)\{0}.
By Theorem 1.64
(2.44) dimy Z, = dimy HC;(A),, forallacT.

We now take the semi-direct product of the Lie algebra pszzﬁl) and the
algebra & of derivations of this algebra and from the Lie algebra which we
denote. Luax . Thus,

(2.45) Loax = pSh() @9 = @A, W) @ (sh(k) @A) 0 D
For convenience of the reader we recall the multiplication in Ly,y .
1 a b + b ,a
x® 8",y @8 = 3 Tr(xy)(g*, ") +[x, y o EEEE
(2.46) 5 gogh_ ghgs
+(xy +yx — 3 Tr(xy)l3) ® s
(2.47) [(g*, &", x® gl =-[x®g°, (g%, g") ] =x ® Dgu 8",
(2.48) [(g*, &%), (&%, 8] = (Dgu 08, £%) +(£°, Dga, p8%),
(2.49) (Ta,as I'v, ] = Tatn, (@b p-(B1a)a >

(2.50) [Ta,a, x® g%l =—[x®&", Ta,4] =x®T4,0(g" = (ab)x ® g*g",

(251) [ra,a P (gb ’ gc>] = _[<gb ’ gc) ’ ra,a] = <Fa,a(gb) s gc)+<gb s ra,a(gc)) s
forall x,yeslz(k),a,b,c,d€Z” and a, f € k¥ with (ala) = (b|8)=0.

We wish to extend the form F on ps@?ﬂl) to the algebra L. in such a way
that we get a form F on L, which ls\ a non-degenerate invariant symmetric
bilinear form. For this write g = ps/;3(2) and let gy be the subspace of g
given by saying go = (@acz\r(A, A)) @ (sl3(k) ®A). Then F on g has radical
HC;(2) and is non-degenerate on go. We have Ly, = HC,(%) @ go 0 D .
Notice that (2.44) suggests we can extend F by pairing HC; () together with
9 in a non-degenerate fashion. We will require that the extension satisfies

(2.52) F(Z,2)=(0)=F(Z, ), and
(2.53) F(9,, HC;(%)y) =0 unlessa+b =0 fora, b € Z".

Recalling that Lemma 1.56 tells us HC;(2), is spanned by the elements
(¢°¢7", &), 1<i<v when a€Z’ Thus,if F exists it must satisfy

F(T_aa, [En®8%¢7", E2®g]) = F(E12®T_a,4(8°8 "), E21®8) = —(a, €).
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On the other hand, assuming (2.52) and (2.53) and using (2.46) we have
1
3

F(r—a,a; [E2 ®g“g,~_1 , By ®gi]) = F(r—a,a, <gag,'_1 , &i))-

This leads to

F(T_a ., (8% ", &) =-3(ale;) - 1, 1<i<v,ae?Z'.
Recalling the notation of Lemma 1.50 we would then have
(2.54) F(T_a,qa, 8*wp) = F(g'wp, I'ao) = —3(alB),

where a € Z, a, f € k¥ and (aJa) = 0. Moreover, we know from the proof
of Lemma 1.57 that g*wg = 0 if and only if # € ka so the above formulas
can be used to give a well-defined extension to a symmetric bilinear form on
Lax , which is clearly non-degenerate. We check this form is invariant in the
next lemma.

Lemma 2.55. (1) Let a€ I', a € k” with (ala) =0 and let b,c € Z¥. Then

F(T_a,q, (8", &%) = 3e(T-a,a(8")g°).
(2) The form F is an invariant non-degenerate symmetric bilinear form on
Lmax .

Proof. If b+ ¢ # a then both sides in (1) are zero so assume b+c=aecT.
Thus b=a—c and hence (g°, g°) = (g*¢, g°) = (g%g ¢, &°) because ae I
so g2 € K. Let g=¢ = s(g%)~! where s € k,s # 0. Then (gP, g% =
s(g*(g9)7", &) =s¥, ci(g*g ", &) by Lemma 1.50. Thus,

F(Toaa, (8" &) =5Y cF(T-aa, (8°8 ", 8)) = =3s(cla) = 3s(bla)

i=1

because b=a— ¢ and (ala) = 0. Also, we have
3e(l_a,a(g")g°) = 3(ab)e((g8")g") = 3(alb)s,

and this proves (1).
As for invariance we know that F is already invariant on g and if D, D,
D; € & then both of F([D,, D;], p3) and F(D,, [D,, D3]) are zero. Thus,

if g¢,8,8¢€gand D, D, D, €7 we need only check

(A) F(D, g, &) = F(D, &l. &),
(B) F(Dy, [D,, g)) = F([D1, D], g), and
(®) F([Dy, g], Dy) = F(D1, [g, D2]),

noting that we already know F([D, g1, &) = —-F(g, [D, &]) since & con-
sists of skew-symmetric derivations of g with respect to F .

We do these in order. If one of g; or g; isin HC;(2) then both sides of (A)
are zero. Thus, we can assume g, g2 € go. If one of g, or g isin (A, A,
for a ¢ T and the other is in s/3(k) ® % then again both sides are zero. Thus,
we can assume that either g, g € s/3(k) ® 2 or both are in @D,cz.\r (A, Aa.
For the first of these we take D = I, 4, 81 = x ® g%, &2 = y ® g° when
acl,ack’,(ala) =0, x, y €shi(k) and b, c € Z. We may as well assume
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that a+ b+ c = 0 for otherwise both sides equal zero. Now the left-hand side
of (A) is, by Lemma 2.55(1) and Definition (1.31),

1
F(Tao, [x®8", y®g]) = F(Ta,a, 3 Tr(xy)(g", &%)
= (alb) Tr(xy)e((g°&®)g°).
Next we have [, o, x® g°] = (a|b)x ® g*g® so the right-hand side of (A) is
(alb)F(x ® g*g", y ® g°) = (afb) Tr(xy)e((g*2")&°)

as desired.
Now assume both g, g; arein @,GZV\,—(QI, A), and say g; = (g, £°), & =

(g, g°) and D € & . We must show
F(D, [(g", &%, (g%, &°)) = F(ID, (g", 91, (g7, &%)

The left-hand side of this is, by Lemma 2.55(1),

F(D’ (Dg",gc(gd) 5 ge) + (gd’ Dg",gc(ge)))

= 3&((D(Dgs, (8M)))8° + (D(8%))(Dg», 4 (£°)))-
The right-hand side is
F((D(g"), &°) + (", D(g%), (¢, &%)
= 3e((Dp(gry, ¢(8))&° + (Dgv_ p(ge)(8%))€°).
Now D(D, »(c)) = Dpa, p(c) + D, pp(c) + D, p(Dc) so the left-hand side be-
comes
3¢(Dp(gh), g(81)8° + Db p(ge)(87)8° + Dgs ¢<(Dg?)g® + (D(8%))Dgs <(8%))-
Taking the difference of the two sides gives
3e(Dgv, 5 (D(8)8° + D(g%)Dygs (8" e)) = 3e(Dgv o:(D(g%)£°)) =0

because of (2.31) and the fact that Inn(2) C ./, . This takes care of case (A).

To check (B) note that both sides are zero if g € gy so we assume g € .
HC\(2A). Take Dy =1, o, Dy =T} 5, g = g°w, where a, b, ce I, (ala) =
(b|) =0 and a, B,y € k*. By (1.32) we have [Ia,a, Iy, 5] = Tasp, (ab)f—(Bla)a
so noting both s1des of (B) are zero unless a+ b+ ¢ =0 we have from (2.54)

that

F([Ta,a, v, ], &°wy) = =3((alb)B — (Bla)a|y).
By Lemma 1.50 we have I, z(g°®,) = g™ wgie)+(syp> SO

F(Ta,a, [Ty, 5, &wy]) = —=3(a|(Blc)y + (B]7)b)

= =3(aly)(Blc) = 3(B|7)(alb).
Now as a+b+c¢ =0 and (B|b) = 0 we see that (B|c) = —(f|a) and so both
sides are equal. This takes care of (B), and case (C) is checked in exactly the
same way. O
It is worth noting that Lemma 2.55(1) can be written as

(2.56) F(D, (x,y)) = 3e(D(x)y),
forall De 2 and x,ye.
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We now introduce the class of Lie algebras which will be the objects of study
in the next section. Let &’ be any subalgebra of < which contains &, and
note that since 2 has as basis the degree derivations d, ..., d, then &’ is
a homogeneous subalgebra of & in the I'-gradation. We let &(Z’) be the
orthogonal complement of &’ in HC(). That is

(2.57) D)= nHC*),

and this subspace of HC;(%) is also homogeneous in the I'-gradation since
F(Z,, HC{(2)p) =0 unless a+b = 0. Since F is non-degenerate on D x
HC () we get an induced non-degenerate form on &' x HC\(2)/&(Z").
Moreover if x € £(2'), E,, E, € 2’ , then F(E,, [E,, x]) = F([E}, E3], X)
=0 as &' is a subalgebra. Thusﬁ_\[‘@ ", &(D'")] C &(D'). We then form the
semidirect product Lie algebra psl3(2) @ &' C Lyax and note that &(Z’) is
then an ideal of this Lie algebra. Factoring and doing the obvious identifications
we obtain the Lie algebra

HC()/E(@") o ( D (A, ) o (shk)eNeP' =g, E(D") e

aezZv\I'
We name this algebra in the following definition.

Definition 2.58. The Lie algebra L(2’) is defined as L(Z') = g(U, &(D')) &
2'. The special case when 2’ = ), has &(Z') = @aer\{O} HC(A)s so
that HC,(2)/&(2') = HC, () (and we usually identify these spaces) and we
denote the ~resulting algebra by Ly,. Thus Ly, = g(2A, &(2h)) @ %, and
Lmax = L(<9 ) .

It is clear that the restriction of our form F on L., to the subalgebra

psTJQl) ® 2’ has radical equal to £(Z2’), so the quotient algebra inherits a
non-degenerate form which we also denote by F'.

Corollary 2.59. The form on Lmax gives rise to an invariant symmetric non-
degenerate bilinear form on L(2') for any subalgebra @' of & which contains
.

There is one further refinement which we need to make to our construction.
As in [BGK] we can adjust the algebras L(Z') by a homogeneous 2-cocycle
of invariant type. To present the definition we need to develop a little more
notation as follows. If &’ is a subalgebra of & containing &, we have

(2.60) D' = Dy Bacr\(0y Za» Where

(2.61) D! =2'nD, foracT, and we let

(2.62) 2"= P 2/, sothat ' =Ze9".
aeln\{0}

The center of g(2A, £(2")) is HC,(A)/&(Z') and this is homogeneous in the
I'-gradation. We write this as Z (or Z(Z’) if we need to make reference to
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Z'. Thus,

(2.63) Z=HC/%)/&(2D'), and

(2.64) Z = @.‘Z; , where we know
ael’

(2.65) dimZ, =dim9Z,, forallaeTl.

Definition 2.66. Let the notation be as above. A mapping 7 : 9" x 2" —
Z(2') is a homogeneous 2-cocycle of invariant type if and only if

(a) (D), Dy) C Zatp, fora,bel\ {0},
(b) 7(x, y) =-1(y, X),
(c) 7([x, y], z) + ©(ly, z], x) + ©([z, x], )
+[t(x,y), z1+[t(y, 2), x] +[1(z, x), ] =0, and
(d) F(tr(x,y),z)=F(x,t(y, z)) forallx,y,ze &'

We can use any cocycle of Definition 2.66 to twist the multiplication in L(2")
and obtain an algebra L(Z’, 7). The new multiplication in L(2’, 1) is exactly
like the old one in L(Z') except that product of two elements, say x, y € Z',
is given by

(2.67) [x, YInew =[x, Y]oia + T(x, ¥).

Now (a) of Definition 2.66 will insure that the grading of L(Z’) induces one of
L(2', 1) while it is clear that (b) and (c), along with the fact that g(2A, £(2"))
is an ideal of L(Z"’), give us that L(2', 1) is a Lie algebra. Finally condition
(d) together with the fact that Z(2’) is central in g(2A, Z’') C L(D’') gives
that the form F on L(Z’, 1) is still a non-degenerate invariant symmetric
bilinear form. We record this as follows.

Corollary 2.68. For any subalgebra @' of & containing Dy and for any ho-
mogeneous 2-cocycle 1 : D" x D" — Z (') which is of invariant type, the
Lie algebra L(2', 1) has a non-degenerate invariant symmetric bilinear form
obtained from the form on L(2').

Remark 2.69. (i) If @’ = 2, no cocyles are allowed according to Definition
2.66, so L(2,, 1) will just denote L(Zy) = Luin.

(i1) The zero map of @' xZ" — Z(Z') is always an invariant homogeneous
2-cocycle and this just yields the algebra L(Z’). Thatis, L(Z') = L(Z', 0).

3. THE CLASSIFICATION OF QS ALGEBRAS OF TYPE A

In this final section we are going to classify the tame elliptic irreducible quasi-
simple Lie algebras of type A, over the complex field C. We call them QS
algebras and it turns out that if the coordinate algebra is an alternative algebra
which is not associative then the QS algebra is isomorphic to one of our algebras
L(2', 1) of Section 2. In the case when the coordinates are associative then
the coordinate algebra is a quantum torus C, for some v x v matrix q as in
(1.1), and the QS algebra is just like those considered in [BGK], and so we only
deal with the alternative, not the associative, case here. In fact, even in this
case the arguments are almost exactly as in [BGK] and hence we will be brief
and refer the reader to [BGK] for more details. Indeed the general theory of QS
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algebras as developed in [H-KT] and [BGK] is what we need in this section, so
we will only recall the basic definitions and results which we need to establish
our main theorem. All our algebras will be over the base field C of complex
numbers.

To begin the definitions we need from [H-KT] and [BGK] we let . be a
Lie algebra and assume that

(3.1) (,):ZxZ—-C,

is a non-degenerate invariant symmetric bilinear form and let # C % be a
finite dimensional abelian subalgebra such that

(3.2) ady & is diagonalizable for all 4 € #Z.

We let %, = {x € Z|[h, x] = a(h)x forall h € Z} for all a € #* (the
dual space of # ), and let R = {a € #*|.%, # (0)} . We assume that

(3.3) H=Z,
and note that we have the root space decomposition
(3.4) Z=P“.

a€R

Then one can show that (%, , .%3) = (0) if a+ # # 0 so the form (-, -) is
nondegenerate on # and on .4, +.%,, for all « € R so that —R = R.
Moreover, [.%,, %3] C Zp and if x, € £, x_, € £, then letting h, € #
be given by (hy, h) = a(h) forall h € Z, a € #* we obtain

(3.5) [Xas X—a] = (Xa» X—a)ha-
One transfers the form (-, ) on #Z to #* by
(3.6) (A, ) = (has hy) = A(hy) = p(hy),

forall A, ue #*.
We assume that

(3.7) R is discrete, and

(3.8) (a, B) € R (the real field) for all «, f € R.

Thus, on the real vector space #z* = Y. . Ra (the real span of the roots),
the form takes on real values.

An element ¢ € #Z* is isotropic if and only if (J,d) = 0 and we assume
that

(3.9) if @ € R is non-isotropic and x € .%,, then ady x is nilpotent.

Any Lie algebra .& satisfying (3.1) through (3.9) is said to be a quasi-simple
Lie algebra. If a € R is non-isotropic and lets w, € GL(Z*) be defined by

28,0)

(a, a)

(3.10) wa(B) =B -

One of the main results on quasi-simple algebras from [H-KT] is the follow-
ing, also see [BGK].
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Theorem 3.11. Let & be a quasi-simple Lie algebra with root system R and
let o € R be non-isotropic. Then

(i) dim.% =1,

(ii) %f—a—‘? € Z (the integers) for all B € R,

(ili) we(B) € R forall B € R so wa(R)=R,

(iv) for k € C we have ka € R ifand only if k =+1 or k=0,

(v) for any B € R there exist nonnegative integers n_, n, such that for
neC, B+na€ R ifand only if n € Z and —n_ < n < n,, and also

2(B,a

n-—ny = (a,’a) ’

(vi) for any isotropic root € R we have (B,0)=0 forall B €R.

(3.12) One says that .Z is of elliptic type if the form on #; is positive semi-
definite.
We always assume . is elliptic and we let

(3.13) A = {0 € R|d is isotropic }.

We define amap [ : &g — (#g)* by (A)(u) = (4, u) forall A,u € %,
where (Zg)* is the real dual of Z; . Then (vi) of Theorem 3.11 implies that
the real span of A is in the kernel of [. Using this linear map | one transfers
the form from Zg to [(#Y) and lets A = [(R) C (#Z"). It is easy to see
(as in [H-KT]) the transferred form on [(Z*) is positive definite and A is a
finite root system which is possibly non-reduced. One now assumes that the
root system of . is irreducible in the sense that

(3.14) A is an irreducible finite root system, and

(3.15) if 6 € R is isotropic there is some non-isotropic root a € R for which
a+d €R.

We say & is of type X; if A is a finite root system of type X; and we now
assume A is of type A4,. Letting Kr be the kernel of | we define the nullity
of .Z, denoted v or v(¥), by

(3.16) v = dim Kg.

Clearly dimZg =v + 2.
As in Definition 2.6 we let A be the root system of type 4,. Then as in
[H-KT] one has R can be identified with A x A so that

(3.17) R=AxACH; C#Z*.

Moreover, A is a lattice in Kg of rank v so letting J;, ..., J, be a basis of
A which is also a basis of K, we have

(3.18) A=7Z6® - -®7Zo,.

As in [BGK] there are elements 4, = h,, , hy = Ao, , hs, , ..., hs, correspond-
ing to the roots a,, a;, dy, ..., d, and hence there are elements d,, ..., d, €
KX C.Z such that
(319) (hl’dj)=0’(dj7dk)=0> (hlsk’dj)zakja

for 1<i<2,1<j,k<v. Letting Z = 69;;1 Cd; we have since [.%,, % ,]
= (%%, L o)h, forall a € R that ZyN[ZL, L] = (0) and as h, hy, hs,,
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..., hs,, dy, ..., d, arelinearly independent then dim.# > 2v+2. Moreover,
the above notation for d; is justified because if o = Y2, nja;+337_; m;d; then
(3.20) [di, x]=mjx, forallxe %, 1 <j<w.

That is, d; is just the j® degree derivation, so we have

(3.21) [dj, x]1=(d;, ha)x = a(dj)x, for x € Z.

As in [BGK] one defines the core of ¥ as follows.

Definition 3.22. (i) The core of &, denoted %, is the subalgbera of & gen-
erated by the non-isotropic root spaces .2, for a € R\ A.

(ii) We say & is tame if the orthogonal complement of the core is just the
center of the core. That is, .% is tame if and only if £+ = Z(£).

(iii) If & is an elliptic irreducible tame quasi-simple Lie algebra we just say
& is a QS Lie algebra.

Remark 3.23. 1t is easy to see that the core, %, is an ideal of .# as in [BGK]
and if p :. % — End(%) denotes the representation afforded by the adjoint
representation then one has kerp = Co (%) = L+ where Co (%) is the
centralizer of the core in % . Thus, . is tame if and only if

Z(Z) =kerp = Co(K) = L.

Letting Q(A) = Za; @ Zoa, be the root lattice of our root system A it is clear
from (3.17) that . and .% are both graded by Q(A) ® A = Z*+? . Moreover,

ZNA has dimension v+2 with basis A, , h;, hs, » ..., hs,. If & is tame then
the orthogonal complement of the span of Ay, hy, hs,, ..., hs,, di, ..., d, in
Z would be in Lt = Z(Z) = the span of ks, ..., hs, and hence is zero so

< tame implies dim# =2+ 2v . It is clear also that g = s/3(C) is contained
in £ as sh3(C) is generated by the root spaces %, , -Z4q,- Moreover, letting
(L) =ZNnZL* where L =3 ;.1-Z,,s forall a € A then we have £ =
D,ca(-Z2)* is a Lie algebra graded by A of type A4, according to Definition
2.6. Thus, by Proposition 3.17 of [BM] there is an alternative algebra S with
identity over C, and a surjective homomorphism ¢ : st3(S) — % whose
kernel is central. Using the notation from these taking any a € A\ {0} we can
write % = (Z)* = Y scr Za+s » SO since we may write (£2)* = e,(S) where
{hy, hy, e,|Ja € A\ {0}} is a Chevalley basis of g = s/3(C) then we find we can
let S5 be the subspace of S defined to satisfy

(3.24) ea(Ss) = L5 C L, foraeA\{0}, 0 €A.

This does not depend on the choice of o and this can be seen exactly as one
sees in [BM] that S does not depend on «. Our next result determines S.
Note that we don’t need the tameness assumption for this result which is about
the core.

Lemma 3.25. Let £, be the core of a QS algebra of type A, andlet S = @scp Ss
be the coordinates as above. Then S satisfies (1.4)—(1.7). Thus, either S is a
quantum torus Cq, for some v x v matrix q satisfying (1.1) or S is the alter-
native torus A= A(K , t|, ta, t3) of Definition 1.21 where K = C[tf', ..., 1]
and v > 3 is the nullity of £ .

Proof. Obviously since Z* = @ycpZors for any a € A\ {0} we have S =
@DscpSs - Moreover, Theorem 3.11(i) yields dimS; = 1 for all § € A and
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since [Lis, L3+l C Llotp)++4 for a, p € A\{0} with a+p € A\ {0} and
any d, A € A then it follows that S;S; C Ss.;. Also it is clear that So=C- 1
where 1 is the identity element of S so we need only show S5S; = Ss,;, for
d, A € A. Interpreting this on the level of root spaces we need to show if o, § €
A\ {0} and a+ f € A\ {0} then forany 6,4 € A we have [£ s, Zp] =
Zla+p)+6+4- Because non-isotropic root spaces are 1-dimensional it is enough
to show [Z,5, Z5421] # (0). Using the Weyl group W of R =Ax A we might
as well assume that § = 0 so that £, s =%, = Ce,(1) in the notation of [BM]
while £3.; = e4(S;). Take 0 # a; € S; and then we have for

n, = exp(ad e,) exp(ad(—e—,)) exp(ad e,) € Aut(¥)

that (n.eg)(a;) = n.(eg(a;)) by Lemma 1.15 of [BM], so that (n.eg)(a;) # 0
in %541 as a+ B € A\ {0}. This implies that ad e,(eg(a;)) # 0, and hence
that [.%,, Z5,.] # (0) as desired. Lemma 1.8 and Corollary 1.26 now give our
result. O

When the coordinates of .#, as above, are the quantum torus the analysis
proceeds as in [BGK] and we say no more about this case here. Thus, we assume
that the coordinates are alternative but not associative. Then we have

Corollary 3.26. If % is as in Lemma 3.25 with coordinates which are not
associative, then there is a subset E of HC|() where A is the alternative
torus such that %, is isomorphic to the algebra g(A, E) of Remark 2.8. Here

EC @aGZ”\{O} HCI (m)a-

Proof. We know that ()0 is of dimension 2 + v where v is the nullity and
the elements 45, , ..., hs, are central in £ as d; € A, 1 < j <v. The rest is
clear by Theorem 2.17. O

Example 3.27. Let @' be a graded subalgebra of & containing 2, and let
1:9"x2D" - Z(2') be any homogeneous 2-cocycle of invariant type as
in Corollary 2.68. We know L = L(2',1) = g2, &(2')) ® 2’ has an
invariant symmetric non-degenerate bilinear form F. As g(%, &(2’)) is a
homomorphic image of st3(A) we write {a, b} € g(A, &(L')) for the im-
age of (a, b) € st3(2) under this natural map with kernel £€(2’). Thus,
HC(A)/&(2') = @yez\r{¥, A}a and so we have

(3.28) L(Z',1)=HC(%)/&@) e ( P {4, %) & (psh(C)eN) &2,
aczv\I'

with multiplication as in Section 2. One lets # = #(Z’, t) be the space

spanned by the elements 7, ® 1, 1, ® 1, {lj"l ,tj},dj, 1 <j<wv sothat Z

is abelian of dimension 2 + v . Notice that the form is non-degenerate on #

and define 9y, ..., 4, € #* by saying hs, = —1{t;', 1;} € HC\(%)/&(2").

Then (2.56) gives us that

(3.29) F(d;, hs) =0, for 1 <j, k<v.

Letting R = Ax A C #* where A = Zd; & --- ® ZJ, we have easily that
Z = @cr-Ze- Indeed, if o = f+J where p € A\ {0},1 € A then &, =
sl3(C) x 2, , while if a =4 for A€ A then &, = {%, A}, ® D] & (h © CH) if
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4 €T\ {0}. Thus, (3.3) and (3.4) hold. Certainly R is discrete and (3.8) and
(3.9) hold. The associated finite root system is just A so .# is irreducible and
clearly the transferred form to the real span of the roots (this is just the real
span of hg, , Koy, hs, 5 .., hs, ) is positive semi-definite so & is irreducible
of elliptic type. The core of & is just % = g(A, &(2’)) so that Lt =
HC,()/&(2') which is the center of £ so £ is tame. Thus, L(Z’, 1) is
a QS algebra according to Definition 3.22(ii1).

We now want to show that any QS algebra is isomorphic to L(Z’, 1) for
some subalgebra 2’ of & containing Z, and some homogeneous cocycle ©
of invariant type. The arguments here are nearly like those of [BGK] (see (3.23)
through (3.30) in [BGK]), but we repeat them because there are slight changes.

To begin we let & be a QS algebra so its core, %, can be identified as in
Corollary 3.26. In particular by Proposition 2.25 we have V(%) = 2%A/.7 ()
so the restriction of the form, F, of & to £ is given by F, as in Remark
2.27 for some ¢ € V(Z)*. Now the degree derivations d,, ..., d, are in the
QS algebra . and so act as skew-symmetric derivations related to F, . Thus,
o(di(g*)+F () =0 forany a€ 2", 1 <i<v. It follows that if we identify
@ with an element in 2* which vanishes on () then ¢(g*) = 0 for all
ac 7"\ {0} and hence ¢ is a multiple of € so that F, is a non-zero multiple
of our usual form F . Thus, we can now assume that
(3.30) the restriction of the form F on % agrees with our previous form F;.

Recalling that R = A x A is the root system of & let 0 #J = md; +---+
m,d, € R be isotropic and let m = (m,, ..., m,) € Z”. Suppose first that
m ¢ I'. Then we have (writing {2, A}s for {A, A}y ) that

(3.31) {(-%)5={2l,91}6@(5®gm),
(Z)-s ={A, W s (Ho(E™™).
Moreover, the form is non-degenerate on {2, 2}s @ {A, A}_s as well as on
(h® g™ @ (h® (g™)!), and these two spaces are orthogonal as we see from
(2.36)-(2.39). Letting Mys = ((Z)56)t NZes we see that the form is non-
degenerate on M; & M_; and we have
{-% ={%, A0 (hog™) oM,
Zo={% A ;0 (H3(E™ ") e M.
Because (%, %) =0 if a+ B #0 we obtain that Ms & M_s C (Z)*

kerp = Z(£) C % since & is tame. Thus, M; & M_5;=(0),andif 6 ¢ I’
then

Z=(Z)s = As0(Hogm),

Fs=(LH)s={%, A ;00H (™).

Assume now that § e I' (i.e, meI'). Then

{(.%5 = (h® g™ @ (%, Um,
(Z)-s=(ho(E™ e Am,

where (h® g™) @ (h® (g™)~") is non-degenerate, and {A. A}m & {A, A} —m is
the radical of the invariant form on (%)s ® (-42)_s as this space is central in

(3.32)
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.. The restriction cf our form on .% &.% ;5 is non-degenerate so we can find
isotropic subspaces W.s, M.s C % s such that

{-%=(-%)a®%®Ma,
Ls=(L)sdW_s0M_;,

where the spaces (h® g™) @ (h® (g™)7'), {A, Am & W_s, {A, A} _m © W5,
and Mj; & M_s are non-degenerate and orthogonal to one another. It follows
that

(3.33) dim{, A} = dim W_s, dim{A, A} _p = dim Wj.

Moreover, we have that {2, A}y & M; = ((Z)_5)* NZ, and {A, A}_n @
M_s = ((Z)s)tnZLs, sothat Ms® M_; Cker p = Z (%) and again we get
Ms® M_s = (0). Thus, for 6 € I" we have

(3.34) {Z’=(-%)5@%=(5®gm)®{ﬁl,ﬁl}mea%,

ZLs=(L)seWs=0He(E) e {d A ne W,
Also, we have already seen that
(3.35) ZH=(hel)e (A, Ao,

where & is the spanof d;, ..., d,.

For 6 = md, +---+ m,d, as above it is clear that the elements of W} act
as skew-symmetric derivations on .%; of degree J. Thus, if ws; € W \ {0},
then p(w;) = ad(h ® g™) + I'm,o for some 4 € h, a € C, with (ajm) = 0.
Just as in [BGK] we have the following result.

Lemma 3.36. p(w;) € Dm, and plw, : W5 — Dy is injective.

Proof. Ws and h® (g™)~! are orthogonal so that (3.5) implies that p(ws)(h®
(g™)~1) = (0). But

p(ws)(h® (8™™") = (ad(h ® g™) + I'm,a) (B 65 (™™
=ad(h® g™ (he (g™,

since I, o(h ® (g™)~!) = (0) because (ajm) = 0. This implies that & ® g™ is
orthogonal to h ® (g™)~! so that & =0 as desired.
That p is 1-1 on Wj; follows since kerp C. % and W;N.% =(0). O

Letting 7" = @ . W5 where wetake Wy =% and 7" = ®aen{0} Ws , we
find that p|y is an injective map of % to a subspace of & which contains
2. Moreover, it is clear that the image p(#’) is in fact a subalgebra 2’
of & containing 2, because the invariance of the form implies [W;, W] C
Wsis+ {2, Alsa for 6,4 €T and {A, A}s,, is central in & . We identify
# with Z' and 7" with D" = @,cr\ (0} Za and note that then as the form
is non-degenerate on .’ that the center of %, which is @, {2, A}, is non-
degenerately paired with &’ and so can be identified with HC;()/&(2').
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Thus, % = g(A, &£(2')) and there is a homogeneous 2-cocycle 7: 2" xZ" —
Z(2") of invariant type as in Definition 2.66 so that .2 = L(Z’, t). Hence,
we have our main result.

Theorem 3.37. Let .& be any QS algebra of nullity v and let £, be its core.
Assume that the coordinates of % are not associative. Then v > 3 and there
is a subalgebra ' of & which contains 2y and a homogeneous 2-cocycle
1: 9" x D" - Z(D') of invariant type such that &£ = L(2’, t). Moreover
any of the algebras, L(2', ), is a QS algebra.

Note that we have the following bounds on root space dimensions:

if & € R is non-isotropic , dim.%, =1,

ifae A\T, then dim.%, =2+2=4,

if « €T\ {0}, then2 <dim.% <2+2(v—1)=2v,
if « =0, then dim.% = 2+ 2v.

These bounds are sharp since Lpmax satisfies the upper bound while Ly,
satisfies the lower bound.
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